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Abstract. The joint bidiagonalization (JBD) method has been used to compute some extreme
generalized singular values and vectors of a large regular matrix pair {A, L}. We make a numerical
analysis of the underlying JBD process and establish relationships between it and two mathematically
equivalent Lanczos bidiagonalizations in finite precision. Based on the results of numerical analysis,
we investigate the convergence of the approximate generalized singular values and vectors of {A, L}.
The results show that, under some mild conditions, the semiorthogonality of Lanczos-type vectors
suffices to deliver approximate generalized singular values with the same accuracy as the full orthog-
onality does, meaning that it is only necessary to seek for efficient semiorthogonalization strategies
for the JBD process. We establish a sharp bound for the residual norm of an approximate generalized
singular value and corresponding approximate right generalized singular vectors, which can reliably
estimate the residual norm without explicitly computing the approximate right generalized singular
vectors before the convergence occurs.
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1. Introduction. The generalized singular value decomposition (GSVD) of two
matrices A and L was introduced by Van Loan [36] and further developed by Paige
and Saunders [26]. For A € R™*™ and L € RP*™, to ease the presentation, suppose
that the matrix pair {A, L} is regular, i.e., rank((AT, LT)T) = n with rank(-) being
the rank of a matrix. Then the GSVD of {4, L} is

(1.1) A=PsCaX ', L=P.S X!

where P4 and Pp, are orthogonal, X is nonsingular, and the diagonal matrices C4 =
diag(cy,ca,... ) € R™*™ and Sy, = diag(sy, $2,...,8,) € RP*™ with 0 < ¢;,8; < 1
and ¢? + s? = 1. The case rank((AT,LT)T) = r < n is called singular. The GSVD
of the singular matrix pair {A, L} is defined and analyzed in [26], where the matrix
pair has n — r arbitrary pairs {c, s} as generalized singular values, called trivial ones.
More details on the GSVD with rank((A”, LT)T) = r < n can be found in [26]. The
singular case is subtle and more complicated, as the generalized singular values are
discontinuous with respect to matrix entries when the pair {4, L} is singular. We refer
the reader to [1, section 2.6.9] for a discussion on the discontinuity of the generalized
eigenvalue problem of {AT A, LT L}, which is equivalent to the GSVD of {4, L} [26].
In this paper, we restrict ourselves to the GSVD of the regular matrix pair {A, L}.
Specifically, label the ¢; < 1 in nonincreasing order, and let these ¢; and the corre-
sponding s; constitute the first diagonal blocks of C'4 and Sp. Write X = (z1,...,2,),
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Py = (pi,...,pA), and P = (pF,. ..,p]’;“). Then for {A, L} regular, the number of
such pairs {c;,s;} is g =n— g1 — g2, where ¢; = dim(N (A)) and g2 = dim(N(B)) with
N () the null space of a matrix. They correspond to the nonzero and finite generalized
singular values ¢;/s;, 1 =1,2,...,q, called nontrivial ones. In terms of these notations,
we can write the corresponding GSVD part in (1.1) in the vector form

Axi :Cipflv
(1.2) Lx; = s;ipF, i=1,...,q,

siATpft = ¢, LT pt,

where the ith large generalized singular value of {A,L} is ¢;/s; and the ith corre-
sponding generalized singular vectors are z;, pf, and pr, respectively. We call x; the
right generalized singular vector and pf‘ and pF the left generalized singular vectors
corresponding to ¢;/s;. We also use pair {¢;, s;} to denote a generalized singular value.
We mention that each ; satisfies the normalization z} (AT A+ LT L)x; = 1. For more
details on the GSVD of the regular matrix pair {4, B}, we refer the reader to [9].

In [37], Zha presents a joint bidiagonalization process (JBD) that jointly bidi-
agonalizes a large sparse or structured matrix pair {A, L} to upper diagonal forms
successively. He exploits the JBD process to compute a few extreme generalized singu-
lar values and vectors of {A, L}. Kilmer, Hansen, and Espatiol [17] develop a variant
of the JBD process that jointly reduces {A, L} to lower and upper bidiagonal forms.
Besides the computation of a few extreme GSVD components, this variant is used to
solve large-scale linear discrete ill-posed problems with general-form regularization,
where L is the regularization matrix [6, 7, 16, 17].

Let

(1.3) (‘2) —QR= (gz‘) R

be the compact QR factorization of the stacked matrix, where Q € R(™+P)X" js column
orthonormal and R € R™*" is upper triangular and @Q 4 € R™*™ and @ € RP*™. Then
the GSVD (1.1) of {A, L} is related to the CS decomposition

(1.4) Qa=PaCsW"T, Q=P S, W"

of {QA,QL} [5, section 2.5.4], where W is orthogonal and X = R~1W.
The k-step JBD process [17] of {A, L} is mathematically equivalent to lower and
upper Lanczos bidiagonalizations [27] of Q4 and Q7p,,

(1.5) QaVi =Ury1Bi, Q4Uk1=ViBl + ary1veiefy,
(1.6) QrVi =UxBy, QYU =ViBF + Brogsrel,

where ey, is the last column of the identity matrix I of order k,

(1.7)
(651 N A
62 Qs (0%} 61

B, = By - cRGHDE B — - c RF¥F

s

Br+1
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and

(1.8) U1 = (u1,. .. up1) € R™XEHD 0y — (0, uy,) e RPXE
and

(1.9) Up = (itg,..., 1) ERP* Vo= (0y,...,0,) e R™F

with the starting vector 97 =v; of the upper Lanczos bidiagonalization (1.6).
It is proved in [17, 37] that

(1.10) biv1 = (—1)"vir1, @B =aii1Bip.

It is well known from, e.g., [3], that the lower bidiagonal By, is the Ritz—Galerkin
projection of @4 on the left subspace span(Ugy1) and the right subspace span(Vy),
while the upper bidiagonal B, is the Ritz-Galerkin projection of @ on the left and
right subspaces span(Uy,) and span(V}), where span(-) denotes the subspace spanned
by the columns of a matrix. Therefore, the extreme singular values of Q4 or Q1 can
be approximated by those of By or Bj.

In finite precision arithmetic, we have numerically observed that the four sets
of basis vectors computed by the JBD process, whose algorithmic implementation
will be detailed in the next section, lose orthogonality gradually. This is a typical
phenomenon in Lanczos-type algorithms, such as the symmetric Lanczos process [18]
and the Lanczos bidiagonalization process [19]. The loss of orthogonality of Lanczos
vectors leads to a delay of convergence of some extreme eigenvalues and the appear-
ance of spurious computed Ritz values, i.e., ghost Ritz values, [21, 22, 23, 25]. To fix
this deficiency, several reorthogonalization strategies have been proposed to maintain
some level of orthogonality of the computed Lanczos vectors in order to avoid these
consequences [29, 31, 32]. Particularly, Simon [31] proves that the semiorthogonal-
ity of Lanczos vectors suffices to guarantee that the computed Ritz values have the
same accuracy as the full orthogonality does and avoid spurious computed Ritz val-
ues. These results have been extended by Larsen [19] to Lanczos bidiagonalization,
based on which he proposes an efficient partial reorthogonalization strategy. Later,
Simon and Zha in [33] proposed a one-sided reorthogonalization strategy on the right
Lanczos vectors. Barlow [2] makes a backward error analysis of the one-sided re-
orthogonalization scheme and proves that Lanczos bidiagonalization of a matrix C'
produces Krylov subspaces generated by a nearby matrix C + E, where E is an error
matrix depending on the orthogonality level of the computed right Lanczos vectors.

Denote the unit roundoff by e. In finite precision, among many others, a central
concern is whether or not the JBD process for computing Uy41, Vi, and By is equiv-
alent to the standard lower Lanczos bidiagonalization of ()4 with the rounding error
O(e) and whether or not the process for computing Uk, Vk, and Bk is equivalent to
the upper Lanczos bidiagonalization of ()7, with the rounding error O(e). There has
been yet no result on the finite precision behavior of the JBD process. In this paper,
we will focus on it and, based on some underlying roundoff error models and results,
make a numerical analysis of the JBD process. We will derive a number of properties
of the JBD process. Our contributions mainly consist of the following three parts.

First, we will show that the equivalence of the JBD process and standard lower
and upper Lanczos bidiagonalizations holds only conditionally in finite precision. That
is, the finite precision forms resulting from the JBD process may be no longer the
corresponding ones of standard Lanczos bidiagonalizations if there are no additional
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conditions. We will investigate what a role rounding errors play in the loss of this
equivalence and in what way rounding errors are amplified. R

Second, we will show that the orthogonality levels of U1, Vi, and Uy, are closely
related and that those of Vi and Vj interact too. In particular, we derive an upper
bound for the orthogonality level of Uk, which is shown to be controlled by not only
the orthogonality levels of V}, and Uy, but also a gradually growing quantity ||B .
The result indicates that the orthogonality level of Uk is similar to those of Uy
and Vk, provided that Bk is not ill conditioned. In the meantime, we prove that the
orthogonality level of Vk is controlled by that of Vj. Therefore, when designing a
reorthogonalization strategy for the JBD process, one only needs to reorthogonalize
u; and v;. This way saves reorthogonalization cost considerably.

Third, we shall investigate the convergence of the JBD method for computing
extreme GSVD components of {4, L}. We show that, under the assumptions that
|B; || and ||§k_1 || are modest uniformly with k, the semiorthogonality of Lanczos-type
vectors suffices to guarantee that the approximate generalized singular values have the
same accuracy as the full orthogonality does. Here the semiorthogonality means that
the absolute value of inner product of two unit length vectors is O(e'/?), in contrast
to the full orthogonality level O(¢). Therefore, the semiorthogonality of basis vectors
suffices for the JBD method when computing generalized singular values accurately.
In the meantime, we study the residual norm of an approximate generalized singular
value and approximate right generalized singular vector, whose size is used to design
a stopping tolerance for the JBD method. In finite precision, we derive an upper
bound for the residual norm and show that this upper bound can replace the residual
norm to design a reliable stopping criterion without explicitly computing approximate
right generalized singular vectors before the convergence occurs. We only compute
the approximate right generalized singular vectors by solving certain consistent least
squares problems with the coefficient matrix (AT, LT)T at the convergence rather
than doing so at each iteration.

The paper is organized as follows. In section 2, we describe the JBD process in
exact arithmetic. In section 3, we make a numerical analysis of the JBD process in
finite precision. We establish relationships between the JBD process and two lower
and upper Lanczos bidiagonalizations and investigate interactions of orthogonality
levels of the computed basis vectors. In section 4, we describe the JBD method for
computing a number of extreme generalized singular values and vectors of {4, L}
and discuss the convergence and stopping criteria. In section 5, we report numerical
experiments to confirm our results. Finally, we conclude the paper with some remarks
and future work in section 6.

Throughout the paper, we denote by I the identity matrix of order k& and by 0y
and Ogx; the k-dimensional zero vector and the k x [ zero matrix, respectively. The
transpose of a matrix C is denoted by C”, and || - || is the 2-norm of a matrix.

2. The JBD process in exact arithmetic. Algorithm 1 describes the JBD
process in [17]. For A and L large, notice that the explicit computation of QR
factorization (1.3) is generally impractical due to the excessive storage and/or com-
putational cost. Thus, both ) and R are generally not available in practical computa-
tions. The JBD process avoids this difficulty in the following way: Let @; = (u) ,OZ;) ,
i=1,2,...,k+1. Algorithm 1 needs to compute QQ7 @; at steps 2 and 6. Since QQT;
is nothing but the orthogonal projection of i; onto the column space of (AT, LT)T

we have QQT1; = (AT, LT)T%;, where

2.1 7=
(2.1) Z; = arg min
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This large-scale least squares problem can be solved by an iterative solver, e.g., the
most commonly used LSQR algorithm [27].

Algorithm 1 The k-step JBD process.
1: Choose a nonzero starting vector b € R™, and let Syu; =b, 81 =|b]|

N U
Q1U1 :QQT (01)
p
Gl :ﬁl(m—l—l:m—i—p)
fori=1,2,...,k, do
Bit1tit1 =;(1:m) — o,y
~ U; ~
Q4 1V541 = QQT( 0+1> - ﬂi+1w
p
Pi = (ais1Bit1)/ b A
Gip1Uip1 = (=1)"Vp1(m +1:m+p) — By,
end for

Suppose that QQT1;, i =1,2,...,k + 1 are computed accurately. In exact arith-
metic, the k-step JBD process produces the two bidiagonal matrices By, By, and three
orthonormal matrices Ugy1, Uy in (1.8)—(1.9) and

(2.2) Vi = (01, ..,0;) € ROPHPIXE,

where ©; = Qu; with v; the ith column of Vj, in (1.8), i.e., v; = QT%;. The process can
be written as

(2'3) (Imaomxp)"}k = Uk+lBlca
7 Ukt & AT -7
(2.4) QQ ( > =ViBy + apy10k11€)4 15
Opx (k+1)
(2.5) (Opsxcms Ip) Vi Dy = Uy, By,
where Dy, = diag(1,—1,...,(=1)*"1) € R¥** and e; is the last column of I; .

By the QR factorization (1.3), relations (2.3) and (2.5) are precisely
(2.6) AZ;, =Uy1 By, LZ),=UBy,
where Zp = R™'Vj, = (21,...,2;) and By = Eka and
(2.7) BF By, + B By, = I.

Therefore, the singular values of By, and By, can be determined by each other.

3. The JBD process in finite precision. In the following, we do not consider
the solution accuracy of the inner least squares problem (2.1) at each iteration and
always assume that (2.1) is solved accurately.

Before proceeding, we define the orthogonality level of a set of vectors as
follows.
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DEFINITION 3.1. For a rectangular matriz Wi = (w1, . .., wy,) € R™* with |lw;||=
1, j=1,...,k, we call &; = |wlw;| the orthogonality level among w; and w;. The
orthogonality level of {wy,...,wg} or Wy is measured by one of
1 = -
(3 ) g(Wk) 1;?%,};]6&]7
(32) (W) = [T, = Wil Wr]].

Two measures are equivalent since {(Wy) < n(Wy) < k&(Wy). It is also known
from, e.g., [2], that

(3.3) Wil <1+ n(Wy).

We next state a set of basics on the behavior of the rounding errors occurring in
the JBD process, which are adapted from the symmetric Lanczos process and Lanczos
bidiagonalization. From now on, without confusion, we use the same notation as
before to denote the computed ones in finite precision. In this case, relations (2.3)—
(2.5) add rounding error terms (cf. [28, section 13.4]) and become

(3.4) (I Omxp)Vie = U1 By + Fy.,
U ~ _ ~
(3.5) QQT (0 kel ) =ViB{ + apy10k41€t 41 + Grst,
px (k+1)
(36) (Opxmalp)f/ka:ﬁkEk"i’Fka
where the rounding error matrices F,= (fl, . .,fk), ék-i—l =(J1,-..,Gk41), and Fy =

(fi,..., fr) satisfy

(3.7) ||ﬁk||a||ék+1”7||pk” =0(e).

Second, the following local orthogonality of w; holds, similar to [24, 31]:
(3.8) Bit1|uy1ui| = O(ci(m,n)e),

where ¢1(m,n) is a modest constant depending on m and n.

3.1. Relationships between the JBD process and Lanczos bidiagonal-
izations in finite precision. We first present the following results.

T
THEOREM 3.1. Let v; = QT %;, Vi = (v1,...,v) and B, = (f’;%) e RFxk,
k€L
Then

(3.9) Ve = QVilI< IG B, = OBy )
with Gy, defined in (3.5) and

(3.10) E(Vi) = (Vi) + O(|| By ).
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Proof. Write the matrix C' = (AT, LT)”. Then

Uk

pXk

QQ"=CCT, QQTC=C, QQ" (0 )ZCX;@,

where “t” denotes the MoorePenrose inverse of a matrix and X, = Cf <0Uk ) . From
pxk

(3.5) and Vi, = QTVj, we have CX), = Vi B}, + Gy, leading to Vi, = CX; By ' — G By, *.
Therefore, we obtain
Vi = QVi=Vi — QQTVi = Vi — QQT(C X1 B} — Gi B} )
=Vi — CXiB; '+ QQT@E,T = —ék§;1 + QQTékﬁlzl
(3.11) = (QQT = Inip)Gi B},
Taking norms in both sides proves (3.9).

Since @ is orthonormal, it is easily justified that the orthogonality level £ (Vk) is
as accurate as &(Vj) within O(|| B} ' ||e). This proves (3.10). |

Using (3.9), we can rewrite (3.4) as
(3.12) (L O p) QVi = Up 1 Bi + F,
where
(3.13) Fie=Fi = (I, Omocp) (Vie — QVi).

Then from (3.7) and (3.9), we have ||Fi|| = O(||[B,"|l¢). Premultiplying (3.5) by
QT and exploiting (1,0, x »)QVi = Q 4V, straightforwardly yields the lower Lanczos
bidiagonalization of ) 4 in finite precision resulting from the JBD process.

THEOREM 3.2. Suppose that the inner least squares problem (2.1) is solved accu-
rately. In finite precision, we have

(3.14) QAVk:Uk+lBk+Fk;
(3.15) QZUk-i-l = VkB,{ + ak+1vk+1ef+1 + Grt1,

where Gy = QT Gri1 with Gyyy in (3.5) and | Fi||= O(|B5tl€), |Grsrl= Oe).

This theorem indicates that the error term Fj is amplified gradually as ||B} |
grows with k. Importantly, for Q 4 strictly rectangular, i.e., m > n, the size of Hﬁgl |
may be uncontrollably large, as shown below: From the second relation in (1.5), we
obtain

UrQaQ%U, = BT B,

indicating that the eigenvalues of ﬁgﬁ . are the Ritz values of the singular matrix
Q4Q7 with respect to span(Uy,) and lie between the largest and smallest eigenvalues
of Q4QY%. Notice that span(Uy) is the Krylov subspace generated by

Uy, QAQ£u17 ey (QAQg)k_lul-

Then the smallest eigenvalue of Ezﬁ  may approach the zero eigenvalue of Q4Q% as
k increases, so that ||B; '|| may become uncontrollably large; on the other hand, for
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Q4 flat or square, i.e., m <n, and having full row rank, however, such a phenomenon
definitively cannot occur, and the smallest eigenvalue of ﬁfﬁ i 15 bounded from below
by the smallest positive one of Q4Q%. We refer the reader to [12] on a detailed analysis
on B, and its singular values. As a result, the JBD process for computing Uyy1, Vi,
and By, is conditionally equivalent to the lower Lanczos bidiagonalization of () 4, whose
rounding error term in the place of Fy, is always O(||Qall€) = O(e) in size.

Similarly, from (1.10) and the first relation in (1.6), we have

vEQYQLV, = BF By

Since span(V;) is the Krylov subspace generated by v1,QLQrvi,...,(QTQr)* vy,
we can make a similar analysis to the above. Specifically, if @ is rectangular or
square and of full column rank, then the smallest singular value of B}, converges to
the smallest one of @)y, from above as k increases, and it is bounded from below by it,
meaning that || By '| is controllable; if @y, is flat, then the smallest singular value of
By, may approach zero as k increases, causing that ||B,; 1 || may not be controlled and
become large as k increases.

The above analysis and assertions suggest us to first check the orders of A and
L and then perform the JBD process on either {A, L} or {L, A} when attempting to
ensure that the resulting ||B,,'|| and || B} | are bounded whenever possible. As will
be seen later, their boundedness is desirable for the JBD process and the JBD method
for the GSVD computation in finite precision.

The following results are presented in [13, Theorem 3.1] and its proof, which will
be used later.

THEOREM 3.3. With the hypothesis of Theorem 3.2, in finite precision, we have

(3.16) BF By, + BI B, = I, + Ey,

(3.17) i1 Biv1 = 6B + i,

where Ey, is symmetric tridiagonal with its nonzero elements being O(cs(m,n,p)e) and
cs(m,n,p) =c1(m,n) + ca(p,n) in size and |v;| <[1 4 O(c1(m,n)e)le = O(e).

_ Remarkably, (3.16) holds independently of the orthogonality levels of Ug 1, ﬁk and
Vj; it indicates that the squares of singular values of By, and B}, can be determined
by each other with the error O(e).

For later use, we establish sharp upper bounds for || By|| and ||Bg||. From (3.4)
and (3.6), at the ith step, we have

Bi(1:m) = aiu; + Bipruis + fi,
(1) 'i(m + 1:m+p) = Gyt + Bir@li1 + fi.
Thus, ||aiu; + Bis1uit || = |o:(1:m) — f;||?, which leads to

of + B2 =5 (1:m)|* + Ifill® = 2fT0:(1:m) — 200 Bit1U; 41 U

(3.18) <14 01 (m,n)e),

where we have used (3.8). Similarly, we obtain
(3.19) af + By <1+ 0(ca(p,n)e).

Therefore, we have proved the following lemma.
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LEMMA 3.1. In finite precision, we have

(3.20) 1Bl < V2 max (a2 + 2,,)"/2 < V2 + Oex (m,n)o),

(3.21) 1Bl < V3 max (62 + 52.1)/2 < V2 + O(ca(p,m)e)

THEOREM 3.4. With the hypothesis of Theorem 3.2, in finite precision, we have

(3.22) QLVi = Uy By, + Fy,

(3.23) Q}:ﬁk = ngg + BkﬁkJrleg + ék,

where

(3.24) | Fxll = O(IB; ' [le),

(3.25) Gkl = O(ca(m, n, p, k)e)

with

(3.26) ca(myn,p, k) = (1B |+ DIIB || + es(m,n,p) || B -

Proof. Recall the notation in (1.10), (2.5), and (1.6). Then exploiting
Theorem 3.1, we can rewrite (3.6) as

(Opsxcms Ip)‘/}k = Uy, By, + Fy,
where
(3.27) Fre = Fy — (Opsm, 1) (Ve — QVi) Dy

Therefore, (3.22) holds.
From (3.14) and (3.15), we obtain

QLQaVi = QLUr 1By + QL Fy,
(3.28) = (VkB£+ak+1Uk+1€£+1 +Gk+1)Bk +Q£Fk
= Vi, B! By, + a1 Bk+10k+ 165 + Gi1 Br + Q4 Fy.

Premultiplying and postmultiplying (3.22) by Q% and Dy, gives
Q1 QrVi = (QLU By + Q Fy) Dy
Summing the above two equalities and exploiting (3.16) yields

Vi = (QhQa+QLQL)Vi
= Vi BI By + QYU B Dy, + 1 i1V 1€t + (Gria B + Q4 Fy + QY F.Dy)
= Vi(I, — DB By Dy + Ey,) + QLU By Dy + i1 By 10165
+ (Gre1Bi+ QA Fy + QLEL D).

1Here we use the result of an exercise from [8, Chapter 6, Problem 6.14], which gives an upper
bound for the p-norm of a row/column sparse matrix.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/15/23 to 59.66.102.140 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

THE JBD METHOD IN FINITE PRECISION 391

Postmultiplying the last relation by Dy and exploiting (3.17), Vi, = Vi Dy, and D? =
I, we obtain

Vkﬁfék =QTULB, + 1B 1k 416t Dy + (G B + Q) Fr + QY FyDy, + Vi Ey) Dy,
= QYULBy — (6B + ) onr1et + (Grs1 By + QL Fy + QL E Dy + Vi, Ey) Dy,

which shows that

(3.29) QTUr = Vi BT + Brtpsrel — By — o,

where

By = [(Gry1Br + Vi Br) Dy — Winsier By b, Ba=(QLFiDy, + QL F)B, .

Notice that « in (3.17) satisfies || = O(e€) and that the elements of Ej, in (3.16)
are O(cz(m,n,p)) in size. Making use of (3.3) and the upper bounds for ||Bi| in
(3.20), we have

[1E1 || = O(er(m, n, p, k)e)

with ¢1(m,n,p,k) = (V2 + 03(m,n,p))||§k_1||. Using the expressions of Fy, Fi, and
Vi — QV in (3.13), (3.27), and (3.11), respectively, we obtain

aimne+QfRi- (@4 af) (")

()i, ) -ond

pXm

Q[ ("2%) 4 sy - Q)G D]
k

Since
1B D B Y| = |(BeBy) M < 1B IBR
and || B; Y| =||Bi Y], it holds that
[ E2| = O(C2(k)e)

with ¢o(k) = (Hglle +1)||B |- Letting Gr = —FE), — E, in (3.29) and substituting
the estimates on ||Ey| and || F2]| leads to the desired result. O

Notice that Hék_lH > 1. We see that [|Gy|| = O(||§,€_1||H§;1He) and, particularly,
|G|l = O((||§k_l|| + 1Bt l)e), provided that the size of either one is not large. The
theorem indicates that the JBD process for computing U ks ‘/}k, and Ek is conditionally
equivalent to the standard upper Lanczos bidiagonalization of ()7, whose rounding
error is always O(||Qr|le) = O(e) in finite precision.

3.2. Loss of orthogonality of the basis vectors. Once the orthogonality is
lost at one iteration, the errors will propagate to later steps, which leads to the more
loss of orthogonality of subsequently computed basis vectors. As it will turn out, the
orthogonality levels of Ug1, Vi, and Uy, are closely related. Below we prove how the
orthogonality level of Uy is affected by those of U1 and Vj.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/15/23 to 59.66.102.140 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

392 ZHONGXIAO JIA AND HAIBO LI

THEOREM 3.5. With the hypothesis of Theorem 3.2, in finite precision, we have
(3.30) n(Ox) <IIB; |12 (Vi) + 2n(Uk41) + O(es(m, m, p)e)].
Proof. From (3.4) and (3.6), we have

= (Uk41By B,
Ve= < Uy By ) * (Fka ’

(3.31) IN/k.Tf/k = BEUg+1Uk+1Bk + BgﬁgﬁkBk + Fs,

which shows that

where
FEs= BgUE+1ﬁk + BgﬁngDk + ﬁkTUdeBk + DkFg[/]\kBk + ﬁkTﬁk + DkaTFka
From (3.16) and (3.31), we obtain
I, — ‘7kT‘7k = Bg([k+1 — Ug+1Uk+1)Bk + Bg([k — ﬁgﬁk)Bk — Ex — E3,
which yields
(3.32) Iy — UL Uy = BT [(Iy — ViIVi) = B (Ins1 — UL U 1) By + Ey + E3] Byt

By (3.3), we have |Upi 1| < (14+n(Us+1))"/? and [|Ux]| < (14n(Tx))"/?. Using the
bounds for || B|| and || B in (3.20) and (3.21), respectively, by a simple calculation,
we obtain

15[ = O(e).
Using the bound for ||Bg||, we have

IBE (i1 — U1 Uns1) Bioll < 1 Bil* kgt — Uity Una |
<2\ L1 — Ul Ui | + O(cr (m, m)e).

Taking norms in (3.32) proves the desired result. a0

This theorem indicates that provided ||B 1H = ||B;"|| is not large, the orthogo-
nality of Us is as good as those of Ugyq and Vj. Therefore, it is only necessary to
perform some sort of reorthogonalization strategies to maintain desired orthogonality
levels of U1 and V. _

The following result shows that the orthogonality levels of the long Vj, € R(m+2)xk
and the short Vj, € RP** are the same within O(e) under some mild condition.

THEOREM 3.6. With definition (3.2), it holds that
(3.33) n(Vie) = n(Vi)| = OB, 7€)
Proof. Since (In+p — QQT)? = I,4p — QQT, from (3.11), we have

Vk ( m+p T QQ )Vk:f}k ( m+p T QQT)( m+p QQT)vk
= (Vi = QVi)" (Imsp — QQT) Iimsp — QQT) (Vi — QVi)
=B, G (It — QQT)Gi By .
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Thus,
I, — VkTVk- =1 — ?kTQQT‘A}k =1 — ‘N/k.Tf/k + VkT(Im_H, — QQT)‘N/k
= (I =V Vi) + By G (I — QQT) G B

Therefore, (3.33) holds. |

This theorem shows that provided Hﬁ,;l || is not too large, say, no more than e~ /2,

we have |(Vi) — n(Vi)| = O(e). Therefore, it is only necessary to maintain the same
orthogonality level of Vi in order to make Vj, achieve a desired orthogonality level.
From (3.30), we only need to maintain desired orthogonality levels of Uy and Vj in
order to make Uy have a desired orthogonality level. In summary, for the four sets
of basis vectors generated by the JBD process, it generally suffices to reorthogonalize
Uk+1 and Vk.

4. The JBD method for the GSVD computation. In this section, we de-
scribe the JBD method for computing some extreme GSVD components of { A, L} and
make an analysis on the convergence of the approximate generalized singular values
in finite precision by exploiting the previous results.

4.1. The JBD method. For ease of presentation, we do not take into account
rounding errors when computing the GSVD of { B, B} or the SVD of By, or By; that
is, we assume that the compact SVD of By is computed accurately,

(4.1) B, = P;c@kW,;f, O = diag(cgk), ... 7c,(ck)), 1> cgk) > > c,(ck) >0,

where Py, = (pgk),...,pgck)) € R*+DXE g orthonormal and Wy = (wgk),...7w,(€k)) €
R¥** is orthogonal. The SVD (4.1) can be obtained by a standard SVD algorithm
since By, is small. Then we have k approximate generalized singular values {cgk), (1-
(cgk))Q)l/Q}, i=1,2,...,k, of {4, L}, and the approximate right generalized singular
vectors are the xik = Rflvkwgk), and the approximations to the left generalized
singular vectors p{‘ are ygk) = Uk+1pgk). Among these k approximations, we pick up
a few of the largest and/or smallest ones as approximations to the largest and/or
smallest ¢;/s; and the corresponding z; and piA.

If we also want to compute an approximation of the left generalized singular vector
pk, we need to compute the SVD of By. From (2.7), it is known that (BE, BT)T is
column orthonormal. Therefore, the CS decomposition of the pair {By, By} is its
GSVD, and the right singular vectors of By and By are identical. As a result, we can
assume that the SVD of By, is

(4.2) Br =B U, W, U =diag(s",....s), 0<sM <. <s® <1,

where P, = (;ﬁgk), . ,ﬁgf)) € RF>** and Wy, = (w%k), . ,w,(ck)) € RF** are orthogonal.
Then zi(k) = Ukﬁgk), 1=1,2,...,k are approximate left generalized singular vectors
for L. The approximate generalized singular values and the corresponding approx-
imate right generalized singular vectors are {(1 — (§§k))2)1/2,§§k)} and R*Ikagk),
respectively.

Alternatively, we compute the GSVD of the pair {By, B},

(4.3) By = P;CC;CWICT, B, = PkSkaT,

where C, = diag(cgk)7 e 7c,(ck)) and Sy, = diag(sgk), ceey s,gk)) and P, and Py are as those
defined in (4.1) and (4.2). The approximate generalized singular values are {cz(-k) sk

)
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or cgk) /sz(-k); the corresponding left approximate generalized singular vectors for A
and L are Uk+1pl(»k) and Ukﬁl(»k), respectively; and the right approximate generalized
: (k) _ (k) _ p—1 (k)
singular vectors are x; ' = Zyw, ' =R Vw,; .
For the computation of xgk)
can be avoided by noticing that

, it is shown in [37] that the explicit inversion R~}

(4.4) <‘2> 2" = QRR "Viw™ = V).

Then, solving the corresponding consistent linear system by an iterative solver, e.g.,
the LSQR algorithm, we obtain a:l(k)

4.2. Convergence, accuracy, and reorthogonalization. We investigate the
convergence of the computed generalized singular values of the JBD method. We only
focus on the approach of using the SVD of By. The same analysis and results hold for
the approaches of using the SVD of By, and the GSVD of {By, Bx}. Since ¢? +s? =1,
in order to compute the generalized singular value fSci, s;}, we only need to compute
¢;, which is a singular value of Q4. Note that cg , the singular value of By, is a
computed Ritz value of Q) 4 since the k-step JBD process for computing By, is Lanczos
bidiagonalization applied to @4 with the rounding error O(|| B}, '||€); see Theorem 3.2.
In exact arithmetic, the eigenvalues of B,?Bk are the Ritz values of Q4 Q 4 with respect
to the Krylov subspace generated by Q4b, (Q4Q4)Q%b, ..., (QLQ4)*~1Q%b, and the
k-step lower bidiagonalization of @4 is equivalent to the symmetric Lanczos process
applied to Q4Q. and the starting vector Q%4b/||Q%b|. Therefore, the convergence
theory of the symmetric Lanczos method applies (cf. [28, 30]), and the singular
values of By generally favor some of the largest and smallest ones of Q4. More
convergence results and details have been given in [10, 11, 16]. In finite precision,
typical convergence features of the symmetric Lanczos method carry over to our case.

In finite precision, because of the loss of orthogonality of basis vectors, some
of the singular values of By could be numerically multiple as the iteration number
k increases, which may produce ghost approximations to some generalized singular
values of {4, L}. A direct consequence is that a simple or genuine multiple generalized
singular value of {A, L} could be approximated by numerically multiple computed
Ritz values, which could lead to a convergence delay of computed Ritz values. These
phenomena can be avoided by using some types of reorthogonalization strategies, such
as full reorthogonalization or the more efficient one-sided reorthogonalization [33].

By Theorem 3.2, the JBD process for computing By, is the lower Lanczos bidiag-
onalization of Q4 with the rounding error O(|| B} "||¢), which is comparable to O(e)
whenever the size of ||§,:1 || is modest. If the JBD process is implemented with one-
sided reorthogonalization of v; such that the orthogonality level of V}, achieves O(e),
exploiting the backward error results on the Lanczos bidiagonalization with one-sided
reorthogonalization [2, Theorem 5.2 and Corollary 5.1], we can deduce that the com-
puted By is the exact one generated by the Lanczos bidiagonalization of a nearby
matrix Qa + Ej with ||Ex|| = O(|| B, '[le). Therefore, by the perturbation theory
of the singular values [5, Corollary 8.6.2], the extreme singular values of Q4 can be
computed with the ultimate accuracy O(|| By ' |e).

The following theorem is due to the authors of [13], which relaxes the requirement
on the full orthogonality of basis vectors.

THEOREM 4.1. Assume that the compact QR factorizations of Upy1 and Vi, are
Uk41 = Mpy1Riy1 and Vi, = NSk, where the diagonals of Rry1 and Sy, are positive,
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and let § = O(| B, "||€). If Ux+1 and Vi, satisfy the semiorthogonality

(4.5) E(Uk+1), §(Vk) </0/(2k + 1),
then
(4.6) M ,QaNy = By, + Ey,

where the elements of Ej, are O(8) = O(|| By |le) in size.?

Notice that M, 11QaNy is precisely the Ritz—Galerkin projection matrix of Q4
with respect to the left and right subspaces span(Uy1) and span(Vy), whose singular
values are the true Ritz values of Q4 with respect to these two subspaces, while the
singular values of By are the computed Ritz values when semiorthogonality is met.
Theorem 4.1 indicates that once the orthogonality levels of Uiy; and Vi are below
(6/(2k-+1))"/2, the computed Ritz values are close to those true ones within O(¢), pro-
vided that || B}, '|| is modest. Since the true Ritz values are never ghosts, provided that
no breakdown occurs before iteration k, we avoid the appearance of ghost-computed
Ritz values whenever Uy, and Vi have semiorthogonality. Consequently, as long as
true Ritz values are approximations to some singular values of () 4 with the accuracy
O(||B; ' |le), the corresponding computed Ritz values have the same approximation
accuracy too. In the meantime, it is easily justified that, when Uy41 and Vj have full
orthogonality levels O(e), Theorem 4.1 holds with the norm of the error matrix in
the right-hand side still being O(|| B}, '||¢). Therefore, the semiorthogonality of Uy
and Vj suffices for computing generalized singular values accurately. We have made
a detailed investigation on the JBD process with semiorthogonalization strategy and
proposed an efficient partial reorthogonalization strategy in [13].

There is a corresponding counterpart of Theorem 4.1 for By, as stated below.

THEOREM 4.2. Let § = O(ca(m,n,p,k)e) with ca(m,n,p, k) defined by (3.26) and
the compact QR factorizations of Uy and Vi be Upx = MRy, and Vi, = NSy, where
the diagonals of Ry and Sy are positive. If Uy and Vi, satisfy the semiorthogonality

€0x), £(Vi) <4/0/(2k +1),

then
MFQLNy, = By, + Ey,

where the elements of By are O(3) =O(||B; 1By le) in size.

Comparing Theorem 4.2 with Theorem 4.1, we find that Theorem 4.2 requires
that the sizes of | B;'|| and || B; !|| be controllable, stronger than Theorem 4.1 does.

4.3. Residual norm and stopping criterion. Now we concentrate on de-
signing an effective and efficient stopping criterion for the GSVD computation based

2In Theorem 5 of Larsen [19], the right-hand side of (4.5) is 1/6/k instead of \/6/(2k + 1),
but Larsen does not justify it rigorously. In fact, this result is a corresponding counterpart of [31,
Theorem 4]. Since the k-step Lanczos bidiagonalization of Q4 with the starting vector b is equivalent
to the (2k + 1)-step symmetric Lanczos process [3, section 7.6.1] of C' = (QOZ; QOA) with the starting
vector b= (b)7 which holds not only in exact arithmetic but also in finite precision, the denominator
in (4.5) should be 2k + 1.
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on the JBD process. Still, we only assume rounding errors in the JBD process and
suppose that the other computations are exact.

It is known (e.g., [36]) that the GSVD (1.1) of {4, L} is mathematically equivalent
to the generalized eigenvalue problem s? AT Ax; = ¢ LT Lz;. Based on this equivalence,
Zha in [37] uses the residual norm

(4.7) 1) = 1((s8)2AT A = ()2 L7 L)z

to desi n a stopping criterion for an approximate generahzed bln%ular value pair
{c(k) } and the correspondmg right vector x(k) where (c =1. Clearly,
the computation of Hrl H is expensive since it needs to compute xik explicitly by
solving the large-scale problem (4.4) at each iteration k until the convergence occurs.
In exact arithmetic, Zha [37] has established a sharp bound,

’ Z

(4.8) 1P ) < IRl asr Brralerw®),

with R defined in (1.3), so that || R||ak+18k+1 |e£w§k)| can be used to design a stopping

criterion if || R|| or its reasonable estimate is available. From (1.3), for C = (AT, LT)T|
(k)

we have ||R|| = ||C|| = omax(C), the largest singular value of C. Therefore, ”TiR I can

be regarded as a relative residual norm of the approximate eigenvalue (cgk) / sgk))2 and

eigenvector z(k) of s2AT A; = c2LT Lx;. In finite precision, we can obtain the following

upper bound for ||7’(k)||

THEOREM 4.3. Suppose that the inner least squares problem (2.1) is solved accu-

rately and that xl(-k) = R‘lewgk) is the approzimate right generalized singular vector
by the JBD method. Then it holds that

(49) (i) AT A= (LT L <RI (ars1 B el w™ + OB, o))
Proof. From (3.28), we have

QUQaVi = Vi Bl By, + ap1Brr1ves1er + Gri1Bi + Q4 Fi.
From (4.1), we have
Bf B, =W,0;W[.

Notice that (s (k)) =1- (cgk))2 and xgk) = R‘lewik). Using the above two relations
and (1.3), we obtain

((s82ATA = ()LL) 2l = (ATA = (")(AT A+ LTL)) R ViWiee,
=R (QEQAVka - (C(-k))QVka) €
(4.10) =R" (ak+1/6k+lvk+1€k w® 4+ (G B, + QL F)w” )) ,

where e; is the ith column of I;. From Theorem 3.2, we have

|(GrsrBi+ QhF)wy” | = O(I1B; le).
Therefore, by taking norms in (4.10), we prove the desired result. ]

Recall the QR factorization (1.3) of C. If we perform Lanczos bidiagonalization
on C several steps, then the largest Ritz value is a reasonably good lower bound for
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o1(C). However, we should remind the reader that a roughly good upper bound for
IC|| suffices for our use here. Notice

IRI?=IC|* = ICTCl < |ATA| + ILTL] < Al Alloo + ILH1 1 L] o,

where || - |1 and || - ||« denote the 1-norm and the infinity norm, which is cheap to
compute when A and L are explicitly stored in a certain sparse format. We then take
the square root of the above right-hand side as an estimate for ||R||. Alternatively, it
is simpler to use ||C|l1 < || A1+ | L1 or [|C]loo = max{||Alloo, || L|loc } as a replacement
of |R|. Suppose that ||B; | = O(1). Since enggk) is available from the SVD of By
or By, or the GSVD of {By, By}, the quantity |||RHak+1ﬁk+1|e£w£k)| can be used as
a reliable stopping criterion, provided that the stopping tolerance for the (relative)
residual norm is not required to achieve the level of e. Computationally, we benefit
very much from this criterion since we avoid the explicit computation of xl(k) before
the convergence. We will numerically confirm the reliability of the criterion.

5. Numerical experiments. We report numerical experiments to justify the
results obtained, except Theorem 3.3, which has been numerically confirmed in [13].
All the numerical experiments were performed on an Intel Core i7-7700 CPU at
3.60 GHz with a main memory of 8 GB using Matlab R2017a with the machine pre-
cision € = 2.22 x 1076 under the Miscrosoft Windows 10 64-bit system. For each
matrix pair {A,L}, we use b = (1,...,1)T € R™ as the starting vector of the JBD
process, and each inner least squares problem (2.1) is solved accurately by computing
the QR factorization (1.3) and QQTw for a given w.

5.1. Examples for the JBD process in finite precision. We choose four
matrix pairs to confirm the numerical behavior of the JBD process in finite precision.
We construct the first pair {A., Ls} as follows: Take n =800 and C4 = diag(c), S =

diag(s), where ¢ = (37”,37” - 1,...,% +1)/2n and s = (y/1—¢c%,...,/1—c2). Let

D be the symmetric orthogonal matrix generated by the Matlab built-in function
D=gallery(‘orthog’,n,2). We then define A =CyD and L =S5 D. By construc-
tion, the ith generalized singular value of {A, L} is {¢;,s;}, the corresponding right
vector x; is the ith column of D, and the left generalized singular vectors pf and pF
are the ith column e; of I,,, i =1,...,n. The remaining three pairs use sparse matrices
from [4], where

(5.1) L=L = o e R(—Dxn
1 -1

with n = 712, which is the scaled discrete approximation of the first order derivative
operator, and L = L, = diag(l) with I = (2n,2n — 1,...,n + 1)/1000, n = 3969.
Some properties of the four test matrix pairs are described in Table 1, where k(A) =
| AJ|||AT|| is the condition number of A.

Figure 1 depicts the growths of |Fg| and ||Gi+1| in (3.14) and (3.15) as the
iteration number k increases from 1 to 150. By Theorem 3.2, we take O(||B; *|l€) =
10|[B, '|le. For the four test problems, it is seen from Figures 1(a)-1(d) that || Fy|
grows very slowly as k increases. For the four matrix pairs, O(||B; ') is indeed a
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TABLE 1
Properties of the test matrices.

A mXxmn Kk(A) L pX™n k(L)
Ac 800 x 800 2.99 Lg 800 x 800 1.46
well1850 1850 x 712 111.31 Ly 711 x 712 453.27
rdb2048 2048 x 2048 2026.80 dw2048 2048 x 2048 5301.50
c-23 3969 x 3969 22795.9 Ly 3969 x 3969 1.9995
-
K
S ol s
firi o i
— £l
=== ||Gri1 e
—«—Bound on || Fx|| —« Bound on || F ||
° Ite1 ation nulnbg; k e ° Iteratlon nunlb'(oe; k "
(a) (b)
= =m0
7 |Gl
—+—Bound on || F|| —+—Bound on || Fk||
S el 7 s
firi { i
107 107"
° Itei‘oation nulnl)‘g; k e ° Iteﬁrcation nutnb‘eozcr k "

(c) (d)

Fic 1. Estimated error bound for ||Fy|: (a) {Ac, Ls}; (b) {well1850, Li}; (c) {rdb2048,
duw2048}; (d) {c-23, Ln}.

very good upper bound for ||Fy|| within ten times, and the growth trends of || Fy||
and ||B;'|| are similar. This indicates that the growth of ||Fy| is mainly affected
by the growth of Hﬁ;lﬂ. Since QQTw; is explicitly computed at each step in our
experiments, ||Gy+1/ = O(€) remains almost unchanged.

Figure 2 depicts the growths of || F)|| and |G| in (3.22) and (3.23). By Theorem
3.4, we take O(|| B} [le) = 10|| By, [|e and O((|| By 1H+||B "De) = 10085 |+ By, e,
respectively. From the figures, we see that O(||B_ lle) and O((|| B, 1||—|—||B 1H) ) are
indeed reasonable upper bounds for HFk” and ||Gk\| and the growths of ||Fk|| and
|G| are critically affected by those of ||B;'|| and | B! ||+||B i, respectlvely For
the four matrix pairs, || B '|| always grows slowly, but ||B Y =|IB. | grows faster
for {well1850, L;} than for the other three pairs. This is because L; is truly flat,
and the smallest singular value of B approaches zero as k increases, causing that
| B; || is ultimately very large, as we have shown after Theorem 3.2. In contrast, the
smallest singular value of B converges to the nonzero smallest one of L for the other
three matrix pairs, and ||B,;1 || is uniformly bounded by the reciprocal of the smallest
singular value of L.
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Fic 2. ||Fy|| and ||Gr|l as well as estimated error bounds for them: (a) {A¢, Ls}; (b) {well1850,
L1}; (c) {rdb2048, dw2048}; (d) {c-23, L,}.
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Fic 3. The orthogonality level n(Uy) and its upper bound: (a) {Ac, Ls}; (b) {well1850, L1};
(c) {rdb2048, dw2048}; (d) {c-23, Ly}

Figure 3 depicts the orthogonality level n(ﬁk) as k increases from 1 to 150. The
upper bound for n(Uy) is (3.30), and we use 10¢ as an estimate for O(cg(m,n,p)e).
We observe that the orthogonality of l?k is lost gradually. Particularly, for the test
problem {rdb2048, dw2048}, the columns of ﬁk lose orthogonality completely and
become numerically linearly dependent after k = 100. The growth trends of n(ﬁk)
and its bound resemble, meaning that the orthogonality level of Uy is affected not
only by n(Uy) and n(V) but also by ||B;||.
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5.2. Examples for the GSVD computation. We illustrate the performance
of the JBD method for computing a few extreme GSVD components of {A, L} and jus-
tify the upper bound in (4.9). Whenever reorthogonalization is used, we mean the full
reorthogonalizations of all the sets of basis vectors. For effective partial reorthogonal-
ization of selected ones, we refer the reader to [13], where the numerical experiments
have confirmed Theorems 4.1-4.2 when the basis vectors are only semiorthogonal.

Example 1. We show the convergence of the singular values of By,. Take m=n=
p=>500. We construct a row vector ¢ = (c1,...,c,) with

Imax = 4, lmin = 2, ¢(1.1,,,,,,) = 1inspace(0.99,0.7, lyax),
Cln—lmin+1:m) = Linspace(0.10,0.01, lyin ),
Cllmax+1in—Imn) = 1inspace(0.65,0.15,7 — lnax — lmin)

and

s=(/1-¢c2,...,\/1=¢2),

where linspace is the Matlab built-in function. We then define C'y = diag(c),
Sy, = diag(s), and D = gallery(‘orthog’,n,2) and take A=CyD and L =S.D.
By construction, k(A) = 6.6000, «(L) = 7.0888, and the ith large generalized singular
value pair of {A, L} is {¢;, s}

Figure 4 depicts the convergence processes of the first four largest and two smallest
Ritz values computed by the SVD of By, which correspond to the four largest and two
smallest generalized singular values of {A, L}, respectively, where we implemented the

1 1
p 7 7 7
oof| oosoony . 4 oo |
| ] {
osl|| o ¢ ost||
¥ / x|
07t 4 ! 4 o7t/
@ | 1A ) |/
= 06y = 064]]
R s U
= osf| | ~oosf]]
N 4[# S [
= oal || = o4t |
~ | ~ |
03 * 0.3 *
LR 02
otr 4 0.1
o o
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Iteration number £k Iteration number k&
(a) (b)
1 1
oot < 0.9 4
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X ¥
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E] | ] |
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< | < \
~ o5 i
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(c) (d)

Fi1G 4. Convergence of Ritz values computed by the SVD of By: (a) the first four largest Ritz
values without reorthogonalization; (b) the first four largest Ritz values with full reorthogonalization;
(c) the first two smallest Ritz values without reorthogonalization; (d) the first two smallest Ritz values
with full reorthogonalization.
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FiG 5. Convergence of Ritz values computed by the SVD of By: (a) the first four smallest Ritz
values without reorthogonalization; (b) the first four smallest Ritz values with full reorthogonaliza-
tion.

JBD process without and with reorthogonalization. The right vertical line indicates
the values of ¢; for t =1,...,500, and the left and right panels exhibit the convergence
behavior of the JBD method without and with reorthogonalization. We observe from
Figure 4(a) that each of the converged second to fourth Ritz values suddenly jumps
to become a ghost and then converges to the next large singular values after several
iterations. Such a phenomenon repeats several times and corresponds to the appear-
ance of spurious copies each time. More precisely, as Figure 4(a) indicates, the four
largest Ritz values gradually become numerically multiple and ultimately converge
to the largest singular value of Q4 as k increases. Similarly, as Figure 4 (c) shows,
the second smallest Ritz value first converges to the second smallest singular value of
Q 4, then starts to converge to the first smallest one and ultimately is numerically the
same as the first converged Ritz value.

However, when the JBD process is performed with full reorthogonalization, the
convergence of the Ritz values changes and becomes regular, as Figures 4(b) and
4(d) indicate. In the right panels, the convergence behavior is much simpler and
is in accordance with the theoretical results in exact arithmetic. It is clear that a
simple generalized singular value is approximated by a single Ritz value and that
no ghosts appear. We also observe that the large Ritz values converge more quickly
than relatively interior Ritz values; that is, the Ritz values closer to the rightmost
generalized singular values stabilize more early, which confirms the theory that the
JBD method generally favors the extreme generalized singular values.

Figure 5 depicts the convergence processes of the first four smallest Ritz values
computed by the SVD of By, which corresponds to the first four largest general-
ized singular values of {A,L}. The right vertical line indicates the values of s; for
i=1,...,500. From Figure 5(a), we observe the “ghost” phenomenon that some con-
verged Ritz values suddenly jump and then converge to the next small singular values
of @y, after several iterations. The convergence phenomena are similar to Figures 4(a)
and 4(c). Figure 5(b) shows the convergence of Ritz values with full reorthogonaliza-
tion, from which it is clear that the JBD method converges regularly and that there
are no spurious copies. Figure 5(b) demonstrates that the JBD method favors the
extreme generalized singular values.

Ezxample 2. We investigate the convergence of the approximate generalized sin-
gular values and vectors of {A, L}, which are computed by using both the SVDs of
By and By, and the GSVD of {By, By}. We test two matrix pairs. The first pair
is the problem in Example 1, and the second matrix pair {dw256A,dw256B} is an
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FiG 6. Growths of |IBY| and |By'|: (a), (b) {Asoo, Laoo} in Brample 1; (c), (d)
{dw256A,256B} in Example 2.

electromagnetic problem with m = n = p = 512 from the non-Hermitian Eigenvalue
Problem Collection in the Matrix Market,® where x(A) =11490.4 and k(L) = 3.7328.

We use the JBD method with full reorthogonalization to compute the largest gen-
eralized singular value and vectors. Instead of the SVD of the individual By, or By,
we compute the SVDs of By and B}, simultaneously and take {cgk)j(lk)} to approx-
imate {c1,s1}, where cgk) is the largest singular value of By and §1k) is the smallest
singular value of Bj. The approximations to the right and left generalized singular
vectors z; and pf* are computed from the SVD of By, and the approximation to the
left generalized singular vectors p is computed from the SVD of By,. Alternatively,
we also compute the GSVD of {By, Bk} and obtain the approximation {c§’“), s§k)} to
{c1,s1} and the approximations x(lk),ylk), z%k) to x1,pit, pk.

We use the angle error

sindy = |§§k)cl - slcgk)\ or |5§k)cl - slcgk)\

to measure the error between {cgk),ék)} or {cgk),sgk)? and {c1,s1} [35], where 6y
denotes the angle between the vectors (c1,s1)7 and (clk),Egk))T or (cgk),sgk))T. For
the corresponding generalized singular vectors, we measure the errors

sin Z(x1, a:gk)), sin A(pf, yik)), sin L(plL, zgk)).

Figures 6(a), 6(b), and 6(d) show that | B, || and ||§,;1|| stabilize in several iter-
ations, showing that the smallest singular values of B, and Ek have converged to the
smallest positive ones of Q4 and @, respectively, as commented after Theorem 3.2.

Figure 7 draws the approximation processes of the approximate generalized sin-
gular values and vectors obtained by the SVDs of By and By as k increases, while
Figure 6 depicts the growths of ||B;'|| and || B, '||. We have found that ||B; '|| and

3https://math.nist.gov/MatrixMarket.
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Fic 7. Convergence processes of the approzimate GSVD components: (a) {Asoo, Lsoo} in
Ezample 1; (b) {dw256A,dw256B} in Ezample 2.
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Fic 8. Convergence processes of the approzimate GSVD components based on the GSVD of
{By,Byi}: (a) {As00, Lsoo} in Example 1; (b) {dw256A,dw256B}.

||§,; Y| grow quite slowly and are very modest for Example 1 when k =1 ~ 150 and
for Example 2 when k=1 ~ 150, respectively. We have also seen from Figure 7 that
the computed Ritz value converges to the the largest generalized singular value with
accuracy (€). This confirms Theorems 4.1-4.2 and the comments on them.

Figure 8 depicts the convergence processes of approximate GSVD components
computed by the GSVD of { By, Bi}. In this figure, we also draw the curves of resid-
ual norms. Clearly, the computed results are very similar to those obtained by the
SVDs of By, and By, until the errors reach the level of e. Therefore, the approximate
GSVD components converge regularly, the JBD method converges fast, and all the
errors achieve the level of e after 20 iterations for Example 1. For the GSVD of
{dw256A,dw256B}, the JBD method computes the largest GSVD component quite
accurately, and the relative residual norm reaches 108 after 100 iterations and sta-
bilizes at O(e) after 125 iterations.

Ezample 3. We show the residual norm and its upper bound (4.9). The matrix
pair {A, L} is chosen to be {Asgpo, Lsoo} in Table 1, and we use the largest singular
value of By to compute an approximation to the largest generalized singular value.
From the construction, we have |(Ay, LIy0)T|| = 1, and the largest generalized
singular value is {c1,s1}, where ¢; =0.75 and s1 = /1 — c2.

In Figure 9, we draw the convergence histories of the approximate largest gen-
eralized singular value and the residual norm as well as those of the approximate
generalized singular values by using both the angle error and relative error.

19 /s — e1 /511 /(e1/51).
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F1G 9. Convergence history of the approzimate largest generalized singular value of { Asoo, Lsoo }:
(a) residual norm and its upper bound; (b) angle error and relative error.

From Figure 9(b), It is found that the approximate largest generalized singular
value clk)/s(k) converges to ¢1/s; with the ultimate relative error O(e). This justifies
the comments after Theorem 4.1. As is expected, the angle errors and relative errors
resemble very much since ¢1/s7 = O(1). We observe from Figure 9(a) that the residual
norm and its upper bound are almost the same as k increases. The true residual norm
decays until the level of €, but the estimated upper bound stagnates at the level that
is a little bit higher than e since the upper bound for Hr H has a term O(|| By |le),
which is considerably bigger than e when ||B; '|| > 1 considerably. For the case that
| B, || remains modest, the term O(|| B}, '||€) plays no role in the upper bound until
the bound reaches O(e). Therefore, the upper bound \|R||ak+1ﬁk+1|ekw \ can be
used as a reliable stopping criterion for the JBD algorithm. We point out that, in large
matrix computations, a (relative) stopping tolerance is usually O(e'/2). Therefore,
provided that ||B;'|| < O(¢=1/2), our upper bound is a reliable estimate for |r{*']].

6. Conclusions and future work. We have made a numerical analysis of the
JBD process on {4, L} in finite precision and established close relationships between
it and respective lower and upper Lanczos bidiagonalizations of Q4 and Q. The
results have shown that the k-step JBD process for computing U1, Vi, and Bk is
equivalent to the lower Lanczos bidiagonalization of @ 4 with the error 6 = O([| B, Hle)
and for computing Uk+1, Vi, and Bk is equlvalent to the upper Lanczos bidiagonal-
ization of Qy, with the error 6 = O(|| B, H||B lle). We have investigated the loss of
orthogonality of the computed basis vectors and established a relationship between
the orthogonality levels £(Vi) and £(V%) and an upper bound for the orthogonality
level 7(Uy ), showing that n(Uy) is controlled by n(Ugy1), n(Vi) and ||§k_l||

We have described a JBD method that computes approximate generalized singu-
lar values and vectors of {A, L} and considered the convergence and accuracy of the
approximate generalized singular values. The results have indicated that the general-
ized singular values of By, and By, are as accurate as the true Ritz values of Q4 and Q.
with respect to the given subspaces within O(e), provided that the basis vectors have
semiorthogonality levels and B, and By are not ill conditioned. Under these condi-
tions, it is only necessary to maintain the desired semiorthogonality in order to obtain
the approximate GSVD components with the same accuracy as those obtained by the
JBD method with full reorthogonalization. An efficient partial reorthogonalization
strategy has been proposed in [13] for this purpose.

In the meantime, we have established a compact upper bound for the residual
norm ||rl(k)|| of an approximate generalized singular value and approximate right
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generalized singular vector in finite precision and shown that it can be used as a
cheap and reliable stopping criterion without explicitly computing the approximate
right generalized singular vector until the convergence occurs. Finally, we have re-
ported numerical experiments to justify the results obtained and assertions.

There remain some important issues. For instance, due to the limitation of stor-
age, it is generally necessary to restart the JBD method. A commonly used restarting
technique is the implicit restarting proposed in [34] for the eigenvalue problem and
adapted to the SVD computation in [14, 15, 20]. How to adapt the implicit restart
to the JBD method and develop efficient algorithms is very significant. Also, notice
that the residual norm (4.7) is used to measure the convergence of the JBD method,
which is the residual norm of an approximate generalized eigenpair ((cgk) / sgk))Z7 wgk))
of s2AT Az; = 2LT Lz; and does not take into account approximate left generalized
singular vectors yi(k) for A and zi(k) for L. Indeed, the convergence and accuracy of
approximate right and two left generalized singular vectors may differ greatly for some
problems, so do two approximate left ones. Therefore, a more reliable and general-
purpose criterion should take into consideration the approximate generalized singular
value pair and corresponding right and two left singular vectors and measure their
residual norm as an approximate generalized singular component of the original GSVD
of the matrix pair {A, L}. That is, it is much more proper to measure the residual
(k) g(k) :cgk),yi(k),zgk)), which, by the

i 0% )

norm of the approximate GSVD components (¢
definition (1.2) of GSVD of {4, L}, is

Il = V142 = ey 2 4 10 — s+ 50 ATy — DL

7, new
For the JBD method, the first two terms in the square root are zeros, leading to

I

i,new

k k k k
1= lls{ATy" = P L)

Therefore, one can compute it directly without involving the approximate right gen-
eralized singular vector x,gk). Similarly to the derivations of (4.8) and (4.9), one can

§7n)eW|| in exact arithmetic and in finite premsng)7

(2
and zi(k) before the occurrence of convergence, and, meanwhile, save the matrix-vector
products ATygk) and LTzZ(k). As a result, one can design an efficient general-purpose
stopping criterion for the JBD method. These issues are not focuses of this paper,
and we do not give details on them.

establish sharp upper bounds for ||r

which do not need to compute the approximate left generalized singular vector y
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