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Abstract

We consider the linear least squares problem with linear equality constraints (LSE
problem) formulated as min,cg- |[Ax — b||2 s.t. Cx = d. Although there are some
classical methods available to solve this problem, most of them rely on matrix factor-
izations or require the null space of C, which limits their applicability to large-scale
problems. To address this challenge, we present a novel analysis of the LSE problem
from the perspective of operator-type least squares (LS) problems, where the linear
operators are induced by {A, C}. We show that the solution of the LSE problem can be
decomposed into two components, each corresponding to the solution of an operator-
form LS problem. Building on this decomposed-form solution, we propose two Krylov
subspace based iterative methods to approximate each component, thereby providing
an approximate solution of the LSE problem. Several numerical examples are con-
structed to test the proposed iterative algorithm for solving the LSE problems, which
demonstrate the effectiveness of the algorithms.

Keywords Linear least squares - Linear equality constraints - Decomposed-form
solution - Krylov subspace - Golub-Kahan bidiagonalization - Null space restricted

LSQR
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1 Introduction

The linear least squares problem with equality constraints (LSE problem) arises fre-
quently in various fields such as data fitting, signal processing, control systems and
optimization [1-4]. These problems involve minimizing a least squares objective
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function while ensuring that a set of linear equality constraints is satisfied. Gener-
ally, the LSE problem aims to find the minimizer of the following problem:

min [|Ax — b, s.t. Cx =d, (1.1)
xeR”

where A € R"™*" and C € RP*". It restricts the solution space to the set of solutions
that satisfy both the least squares objective and the linear equality constraints, which is
often used in cases where certain relationships between the variables are known a priori
and must be preserved. The LSE problem (1.1) has a solution if and only if Cx = d is
consistent, and it has a unique solution if and only if (AT, CT) has full column rank.
There is a large amount of work on the analysis of the LSE problem; see e.g. [5-9].

Despite their wide applicability, solving large-scale LSE problems efficiently
remains a significant computational challenge. Classical solution approaches typi-
cally reduce the constrained LSE problem to an equivalent unconstrained problem
by eliminating the constraints. The key strategy of these methods are the constraint
substitution technique, which eliminates the constraints by reducing the dimension
of the problem. The first one is usually called the null space method [10-13]. This
method involves finding a null space basis for the matrix C using a rank-revealing QR
factorization [14—16]. The constraints are then incorporated into the LS problem by
substituting this basis into the system, leading to a reduced, unconstrained problem
of lower dimension. This approach provides numerical stability and is widely used
in many practical settings. The second one is usually called the direct elimination
method [11]. In this method, a substitution is made directly by expressing certain
solution components (those affected by the constraints) in terms of others. This can
be accomplished using a pivoted LU factorization or a rank-revealing QR factoriza-
tion of C [17]. The direct elimination method exhibits good numerical stability and
efficiency, particularly when implemented with appropriate matrix factorizations.

In addition to constraint substitution methods, there are some other methods that
transform the constrained LS problem to an unconstrained optimization problem.
The method based on the Lagrange multiplier formulation [17-19] is often useful.
This approach introduces auxiliary variables (Lagrange multipliers) to incorporate
the constraints into the optimization process, which constructs an augmented sys-
tem by combining the linear constraints and the LS problem, and both can be solved
simultaneously. This method provides a powerful and general way to enforce equality
constraints during the optimization. Techniques like weighting and updating proce-
dures can also be used to enforce constraints progressively, ensuring that the solution
satisfies the constraints a posteriori [20-23].

All the above methods, when implemented correctly, can provide a solution with
satisfied accuracy. However, in many practical scenarios, the problem size can be very
large. In such cases, matrix factorization-based methods become impractical due to
their cubic scaling computational complexity. This highlights the need to develop new
iterative methods for solving the LSE problem that do not rely on matrix factoriza-
tions. The Krylov subspace method is well-known for its effectiveness in solving linear
systems, including linear equations and LS problems, where only matrix- vector multi-
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plications are required during the iteration process [17, 24]. However, up to now, there
is a lack of Krylov iterative methods specifically for the LSE problem, possibly due
to an incomplete understanding of its properties. Establishing connections between
the LSE and LS problems could be valuable, as it would aid in the development of
efficient Krylov iterative methods for solving the LSE problem.

In this paper, we present a novel analysis of the LSE problem from the perspective
of operator-type LS problems. Building on this framework, we propose two Krylov
subspace based iterative methods for solving LSE problems. To this end, we construct
two linear operators using the matrices {A, C} and formulate two LS problems asso-
ciated with these operators. Using these formulations, we investigate the structure of
the solutions to the LSE problem and show that its minimum 2-norm solution can
be decomposed into two components, each corresponding to the solution of one of
the operator-based LS problems. Building on this connection, we derive two types of
decomposed-form solution for the LSE problem. To approximate the solution, it is
sufficient to solve the associated operator-form LS problems using the Golub-Kahan
bidiagonalization process [25-28]. This approach leads to Krylov subspace based iter-
ative procedures. Consequently, we develop two Krylov iterative methods for the LSE
problem, each corresponding to solving one of the decomposed-form solutions. The
proposed algorithms do not rely on any matrix factorizations. Instead, they follow an
inner-outer iteration structure, where, at each outer iteration, an inner subproblem is
approximately solved. We also propose a procedure for constructing LSE problems for
testing purposes and present several numerical examples to illustrate the effectiveness
of the proposed algorithms.

The paper is organized as follows. In Section 2, we review three commonly used
methods for the LSE problem. In Section 3, we analyze the LSE problem from the
perspective of operator-type LS problems and derive two types of decomposed-form
solution. In Section 4 we proposed two Krylov subspace based iterative algorithms for
approximating the decomposed-form solution. Numerical experiments are presented
in Section 5, and concluding remarks follow in Section 6.

Throughout the paper, we denote by A(-) and R (-) the null space and range space of
a matrix or linear operator, respectively, denote by I and 0 the identity matrix and zero
matrix/vector with orders clear from the context, and denote by span{-} the subspace
spanned by a group of vectors or columns of a matrix. We use Pg to denote the
orthogonal operator onto a closed linear subspace S.

2 LSE problem and its computation

We review three classical methods for the LSE problem: the null space approach, the
method of direct elimination, and the augmented system approach. To simplify the
presentation, we assume in this section that C has full row rank.

The null space method was developed and discussed by a number of authors in the
1970s. Suppose the dimension of N(C) is 7 and the columns of Z € R"*’ form a basis
for M(C). The basic idea is that any vector x € R" satisfying the linear constraint
Cx = d can be written as x = xo + Zy, where xg is a particular solution of Cx = d.
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Let P € R" " be a permutation matrix representing the pivoting, such that the QR
factorization of CP is

CP:Q(R 0 )p, 2.1
pn—p
where Q € RP*? is an orthogonal matrix and R is a nonsingular upper triangular
matrix. Now we can get a solution of Cx = d:

_ R—IQTd p
xo_P< 0 )n_p 2.2)

Now the LSE problem (1.1) becomes

min [ AZy — (b — Axo)|l, . (2.3)
yeR!

By solving the above standard LS problem to get the solution y*, we get a solution
xT = x9 + Zy to the LSE problem.

In the null space method, the matrix Q should be stored explicitly or implicitly
(by using e.g, Householder transformations), leading to a relatively high memory
demands and implied operation counts. The more challenging point is that the matrix
Z is usually dense, which makes it inefficient to solve the LS problem (2.6). Also, in
recent years, there have been some works about constructing a sparse null space matrix
Z, where the QR factorization of C with a threshold pivoting is used; see [29, 30].

The second method is the direct elimination, which involves expressing the depen-
dence of the selected p components of the vector x on the remaining n — p components,
and this relationship is then substituted into the LS problem in (1.1). Suppose
P € R™" is a permutation matrix such that CP = (C1 C2) with C; € RP*P
being a nonsingular matrix. Let

AP:(A1 A2 )m x:Py=P<y‘)n”_ (2.4)
pom—p » p

Now we have the substitution y; = C| 1(d — C2y2). Combining this expression
with the LS problem (1.1), we have the transformed LS problem

min
»2ER"P

Ayy — (b — A1C7 M) H2 : 2.5)

where _
A=A~ AC]'Cy e RM0P), (2.6)

Once we have the solution y,, then we can compute y; and finally get the solution

Pyl

of (1.1) with the expression x = y ) To get P and C1, usually a QR factorization
2

of C with pivoting should be exploited. For sparse matrices A and C, some strategies
have been proposed to give the transformed matrix A some sparse structure [30, 31],
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leading to a sparse LS problem (2.5) that can be computed effectively by an iterative
solver.

The third method is the augmented system method, which is based on the method
of Lagrange multiplier for constrained optimization problem. Consider the following
Lagrangian function for the constrained LS problem (1.1):

1
flx,a) = 5 l1Ax —b|5+1T(d - Cx), »eRP. 2.7)
Finding the zero root of V, f(x, A) leads to
ATAx —ATh—C"A =0.

By letting r = b — Ax and using Cx = d, we have the following symmetric indefinite
linear system:

0 ATCT\ /x 0
ATl 0 rl=1»]. (2.8)
cCo0 0 A d

If A and C are sparse and have full rank, then (2.8)isa (m +n + p) x (m +n + p)
sparse nonsingular linear system. Based on the above framework, there are several
variants of practical algorithms. We do not discuss them in more details, but refer the

readers to [30, 32-35].

3 Decomposed-form solution of the LSE problem

In this section, we investigate the structure of the solutions of (1.1) and derive two
decomposed-form expressions of the minimum 2-norm solution of (1.1). We consider
a more general case, which is formulated as

mig |Ax — bll2, S ={x:x €argmin|/Cx —d|?}, 3.1

xe xeRn

where in S we use “argmin” to denote all the minimizers of minycrn ||[Cx — d||2. To
simplify the notation, we sometimes write (3.1) as

min [[Ax — by s.t. |Cx —d||2 = min, (3.2)
xeRn?

provided it does not introduce any ambiguity. In this paper, we also call (3.1) the LSE
problem. Note that if Cx = d is a consistent linear system, then (3.1) is equivalent to
(1.1). In the rest part of the paper, we focus on the analysis and computation of (3.1).
We note that, in what follows, the assumption that C has full row rank is no longer
required.

The following theorem about the generalized linear least squares (GLS) problem
will be used in the subsequent analysis. We refer to [27, 36] for more details. Note
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that for a symmetric positive semidefinite matrix B € R"*" if we define (x, x")p :=
x"Bx, then (R(B), (-, -)) is a finite-dimensional Hilbert space.

Theorem 3.1 Forany K € R™*", L € RP*", and g € R™, consider the GLS problem

min ||[Lx| s.t. ||[Kx — g| = min. (3.3)
xeR"

The following properties hold:

(1) avector x € R" is a solution of (3.3) if and only if

T _
KR 8 =0. (3.4)
x'Mz=0, VzeNK),
where M = K"K + LTL;

(2) there exist a unique solution in R(M), which is the minimum 2-norm solution of
(3.3), given by x = K;Eg, where K;: ={- (L’PMK))TL)KT is the L-weighted
pseudoinverse of K ;

(3) define the linear operator

T:X:=RM),{ Im)—> R", (- )2), v Ky, (3.5)
where v and Kv are column vectors under the canonical bases of R" and R™.
Then the minimum || - || y-norm solution of the least squares problem

min [|Tv — gll2 (3.6)
veX

is the minimum 2-norm solution of (3.3).
The following result characterizes the structure of the solutions of (3.1).

Theorem 3.2 Let G = AT A + CTC. The minimum 2-norm solution of 3.1)is
x'=Cld + (PR — ChOIATD, (3.7)

and the set of all the solutions is xT+ MG).

Proof First note that N(G) = N(A) N N(C). Thus, if x is a solution of (3.1), then
PR(G)X is also a solution. Conversely, if x € R(G) is a solution, then x + z is also a
solution for any z € M(G). Since M(G) L R(G), the minimum 2-norm solution of
(3.1) must in R(G). Notice that

IAx = bll3 = |Ax — PRa\bl5 + IPRyLI5
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with PR( A = AAT and the second term is independent of x. Therefore, the minimizer
of (3.1) is identical to the minimizer of

mi§||A(x —AD)|l2, S={x:x € argmin|Cx —d|>}.

xXe xeR"
Using the transformation ¥ = x — ATb and noticing that Cx —d = C(x + ATh) —d =

Ci—(d—CATD), the general solution of the above problem is x = ATh + X, where
X is the general solution of

;161]%}1 |AX|l2 s.t. ||CX —(d — CAh)||; = min. (3.8)
By Theorem 3.1, the general solution of this problem is
F=Chd—CA'D) +z, zeMG).
Therefore, the general solution of (3.1) is
x=ATb+Cld—CAD)+z=Cld+ 0~ CLOATb+2z, ze NMG). (3.9

Note from Theaorem 3.1 that R(C T) C R(G), which indicates that the projection of
the above solution onto R(G) is x{\. Thus, x7 is a solution of (3.1) in R(G).

It only remains to show that there exists a unique solution of (3.1) in R(G). To see
it, notice from the above transformation that x € R(G) is a solution of (3.1) if and
only if x — PR(G)ATb € R(G) is a solution of (3.8). By Theorem 3.1, (3.8) has a
unique solution in R(G), this implies that (3.1) has a unique solution in R(G). O

Write . .
x{ =Chd. x] = (PR — ChOIATD. (3.10)

The minimum 2-norm solution of (3.1) has the decomposed-form: x7 = xi + x;- .

Note that xI is the minimum 2-norm solution of the GLS problem

min [|Ax|l» s.t. ||Cx —d|» = min. (3.11)
xeR?

By Theorem 3.1, x}L is also the solution of the operator-form LS problem (3.6), where
K = C and L = A. We can use the iterative method proposed in [27] to approximate
xlI Although the expression of xg looks relatively complicated, we will show that it
is the minimum 2-norm solution of the following LS problem:

min || Ax — b|». (3.12)
xeN(©)

The following lemma is useful, which provides the necessary and sufficient condi-
tion that the minimum 2-norm solution must satisfy.
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Lemma 3.1 A vector x € N(C) is the minimum 2-norm solution of (3.12) if and only
if

Pric)(AT(Ax — b)) =0,

x L NMA)NN(C).

Proof Define the linear operator
A NO), (- )2) = R™, (-, )2), v Av, (3.13)

where v and Av are column vectors under the canonical bases of R” and R™. Notice
that X := (M(C), (-, -)2) is a finite dimensional Hilbert space. Therefore, there exist
a unique minimum A-norm solution of min,_y [ Av — b||2, which is the minimum
2-norm solution of (3.12). Moreover, x € N(C) is the minimum X-norm solution if
and only if A*(Ax — b) = 0 and x L 3 N(A), where the orthogonal relation L y in
X is the 2-orthogonal relation in N(C), and the linear operator A* : (R™, (-, -)2) —
(MO), (-, -)2) is the adjoint of A defined by the relation (Av, u), = (v, A*u), for
any v € N(C) and u € R™. It is easy to verify that A*v = PA[(C)ATU under the
canonical bases. Thus, A*(Ax — b) = 0 is equivalent to PA[(C)(AT(AX — b)) =0.
Since M(A) = {x € M(C) : Ax = 0} = N(A) N N(C), it follows that x L 3 N(A)
is equivalent to x L. N(A) N N(C). O

Now we can prove that x; is the minimum 2-norm solution of (3.12).

Theorem 3.3 Let x;- = (P’R(G) - CLC)ATb, then xg is the minimum 2-norm solution
of (3.12).

Proof By Lemma 3.1, the proof contains the following three steps.
Step 1: prove x_z{' € N(C). Using [27, Theorem 3.7], we have the relation CCI‘C =
C. It follows that

Cx} = (CPR(Gy — CCLOIATD = C(PR(g, — DATD = —CPp16,ATh =0,

where we have used V(G) € N(C).
Step 2: prove 73/\/'(0)(AT(Ax;r — b)) = 0. First we have
AT(Ax] — b) = AT[APR G, ATb — b — AC},CATD]
= AT(AAT —1)b— ATAC CATD
= —ATAC! CATD,

where we have used APR(G)x = Ax — APN‘(G)x = Ax for any x € R”, and

I— AAT = Pr1 = Paumy. Let w = CLCAb. By Theorem 3.2, w is the
minimum 2-norm solution of

min |Ax|lz s.t. |[Cx — CAb|» = min.
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Using Theorem 3.2 again, it follows that w' Gz = 0 for any z € N(C), which is just
w (ATA+CTC)z = (ATAw) 'z =0

for any z € N(C), which means that AT Aw L A(C). This proves ”PMC)ATAw =0,
which is the desireid result.

Step 3: prove x, L N(A) NN(C). This is obvious by noticing that x; € R(G) and
R(G) L N(A) N N(C). O

From the above proof, we know that xz is the minimum A-norm solution of operator-
form LS problem min y || Ax — b|l> with A defined in (3.13). Therefore, we have
xy = Alb =t Al b. (3.14)

Note that Aj\/( o is essentially the matrix form of A" under the canonical bases of R”

and R™, which depends both on A and N(C).
Based on Theorem 3.3, we will propose an iterative method for the LS problem
(3.12) to approximate xg . Before this, let us investigate several properties of the matrix

Aj\/-( oy which will be used to derive another decomposed-form solution of (3.1).

Proposition 3.1 The following two equalities hold:

1—A% . Act=ct
!( Nie A (3.15)

foyat — At

Proof The second equality is directly derived from Theorem 3.3. Now we prove the
first equality. By Theorem 3.1, for any y € R", C I\y is the 2-minimum solution of

min ||Ax|[> s.t. ||Cx — y|l2 = min,
which has the same solution as
min ||Ax|jz s.t. |[C(x — CTy)||2 = min.
Let ¥ = x — C'y. The above problem becomes
min ||[AX + ACTy|» s.t. ||CX|l> = min,

which has the minimum 2-norm solution ¥ = — A’ ACTy, and a general solution
N©) y g

is ¥ = &' + z with z € M(A) N N(C). Therefore, a general solution of the original
problem is

X = CTy+)ETy+z.
Note that PprC'y = I — CTC)CTy = 0. Thus, CTy 1L M(C) and CTy L z.
Combining with x7 L z we have CTy + x7 L z. Therefore, CTy + xTy = (I —
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A.J;\/( C)A)CJr y is the minimum 2-norm solution of the original problem. Since y is

; _ g4t P _ of
arbitrary, we finally get 1 — A N C)A)C =Cy. O
From the above result, we obtain the following decomposed-form solution of (3.1).

Corollary 3.1 The minimum 2-norm solution of (3.1) has the form
it i _act
x'=C d+A./\/(C)(b AC'd). (3.16)
Proof Using Theorem 3.1 and Proposition 3.1, we have

T _ T T (7 _ aT i i
x'=Cud+ AN(C)b =a AN(C)A)C d+ AN(c)b
4l _Act i
= Al 0 = ACTd) + CTa,

which is the desired result. |

By Theorem 3.2 and Corollary 3.1, we can give two approaches for computing x .
The first approach

(1) Solve the GLS problem (3.11) to get x| = C\d;
(2) Solve the LS problem (3.12) to get x] = Ajv(c)b;

(3) Compute x* = xf + xz'

The second approach

(1) Solve the LS problem min, [Cx — d|» to get the minimum 2-norm solution
X =Cld;
(2) Leth = b— A)Z;f. Solve the LS problem minxej\[(c) |Ax —b||2 to get the minimum
P S
2-norm solution X, = ?MC)b’

(3) Compute x* = )NclT + %,.

In the next section, we will propose two Krylov subspace based iterative methods
for solving (3.1), which correspond to the above two approaches, respectively.

4 Krylov iterative methods for the LSE problem

From the previous section, we find that for solving the LSE problem, we need to com-
pute C Z or A}\/’( o We first propose the iterative methods for such computations based
on the Krylov subspace, then we give two iterative algorithms for the LSE problem.
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4.1 Iterative method for computing Cz

Based on Theorem 3.1, the author in [27] proposes a Krylov iterative method for
approximating C;d for a vector d € RP. The idea is to apply the Golub-Kahan
bidiagonalization (GKB) to solve the operator-form LS problem

min || Tx — d||2, .1
X

Xe€

where X = (R(G), (-, )g)and T : X — (R™, (-, -}2), x > Cx under the canonical
bases. Applying the GKB to {T', d} we get the recursive relations

Brug =d
aiv; =T u; — Bivi—y 4.2)
Biviuir1 = Tv; — aju;,

where T* : (R™, (-, )2) — X'is the adjoint operator of T defined by the relation
(Tx,y)2 = (x, T*y)g for any x € X and y € R™. It has been shown in [27] that
the matrix form of 7* is GTC. The positive scalars o; and f; are computed such that
lvill x = lluill2 = 1. Note that v := 0 for the initial step.

After k steps, the above GKB process generates two Krylov subspaces and projects
the LS problem (4.1) onto the Krylov subspaces to get a k-dimensional LS problem.
The solution of the k-dimensional LS problem can be updated step by step from the
previous one, which converges to C;d as k increases. This leads to the following

Algorithm 1 for iteratively approximating CZd . Please refer to [27] for more details.

Algorithm 1 Generalized LSQR (gLSQR) for computing C;d .

Input: A € R™"*" C e RP*" d € RP
L: Compute B1 = ||d|jg, u1 =d/By Briy =b

2: Compute s = G'CTuy, a1 = (sTGs)'/2, vy = s/ >G=ATA+CTC
3: Setxg =0, w; = vy, 91 = B, p1 =)
4: fori = 1,2, ... until convergence, do

50 r=Cv; —oju;

6:  Bit1 =lIrll2, uit1 =r/Bi+1

7 s =GTCTuipy — Bi1v;

8 a1 = (TG, vy =s/04
9 pi =7 + B2

1 ¢i = pi/pi

1: si = Bivi1/pi

12: 0iy1 = siciyy

13: pig1 = —ciiqg
14 i =cidi _
15: ¢ip1 =sidi

16:  xj =xj—1 + (¢i/pi)w;

170 wiy1 = vip1 — Git1/pi)w;
18: end for .
Output: Approximation to C;\d
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In Algorithm 1, the main computational bottleneck is the need to compute G (CTu;)
at each iteration. For large-scale matrices, it is generally impractical to obtain G'
directly. In this case, using the relation

G'(CTu;) = argmin |Gx — CTu; |2, 4.3)

xeR”

we can compute G (CTu;) by iteratively solving the above LS problem. Furthermore,
by noticing that GT(CTu;) is the minimum 2-norm solution of the LS problem

() 6)

we can use the LSQR algorithm [37] to approximate GT(CTu;) without explicitly

min
xeR?

, 4.4)
2

forming G. If (i) is sparse and has full column rank, and its sparse QR factorization

is not difficult to compute, then we can compute the solution of (4.4) directly.

4.2 Iterative method for computing Aj\/( 0

Now we consider how to design a GKB based method to approximate A \7 b for a
b € R™ . First, suppose an orthonormal basis of the null space N(C) is {wq, ..., w;}.
Let W = (wy, ..., w;) € R"*, Using Theorem 3.3, if follows that Aj\/'(c)b = Wf,

where f € R’ is the minimum 2-norm solution of the LS problem

min [[(AW) f — bll2 (4.5)
feR!

To solve (4.5) iteratively, we apply the GKB to {AW, b}, which leads to the following
recursive relations:
Sipr=»b
vigi = (AW) p; — 81 (4.6)
Si+1pi+1 = (AW)g;: — vipi,

where the positive scalars are computed such that || p;|l2 = |lgill2 = 1, and we set
qo := 0 for the initial step.

Using the property of GKB, after k steps, it generates two groups of 2-orthonormal
vectors { p,'}f;rll and {cj,-}ff;rll. Then we can approximate the solution of (4.5) in the
subspace span{g; }f.‘: | as k grows from 1 to ¢. This approach is equivalent to applying
the standard LSQR algorithm to (4.5). Therefore, to get a good approximation to

Aj\/( C)b, we can search a solution of (3.12) in the subspace span{Wg; }f.‘zl at the k-th
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iteration. Let g; = W¢;. Note that PnNicy = WWT. From the recursions (4.6), we get

Sipr=>b
vigi = PeyAT pi — 8igi-1 4.7
Si+1Pi+1 = Aqi — YiDi,

where ||gi|l2 = 1. The following result demonstrates that this iterative process is
essentially an operator-type GKB.

Proposition 4.1 Let the linear operator be defined as (3.13). Then the iterative process
(4.7) is equivalent to the GKB applied to { A, b}.

Proof From the proof of Lemma 3.1 we know that A*v = P ./\/(C)ATU forany v € R™
under the canonical bases. Therefore, the second recursive relation in (4.7) is equivalent
to y;qi = A*p; — 8;gi_1. Now we can find that (4.7) is just the recursions of the
operator-type GKB applied to {4, b} under the canonical bases. O

Proposition 4.1 implies that the outputs of the above iterative process do not depend
on the choice of the 2-orthonormal basis of N(C), i.e. it will generate the same vectors
{pi, gi} and scalars {y;, §;}, regardless of the particular 2-orthonormal basis {w;}}_,
chosen for V(C).

Now we can give the practical computational approach of this iterative process.
Since all the constructed vectors g; are restricted in N(C), we name this process the
Null Space Restricted GKB (NSR-GKB). The pseudocode of NSR-GKB is shown in
Algorithm 2.

Note that P Ny = I, — CTC. In the computation of NSR-GKB, the orthonormal
basis of V(C) is not required, where instead at each step we need to compute CTC AT p;,
which is the most costly part. Write 9; = C AT p;, which is easy to compute. To get a
good approximation to C ' #i;, we can iteratively compute the minimum 2-norm solution
of the LS problem

min ||[Cx — v; |2, 4.8)
xeR"

which can be done efficiently by using the LSQR algorithm. In this case, NSR-GKB
has the nested inner-outer iteration structure. If C has a special structure such that its

Algorithm 2 Null Space Restricted GKB (NSR-GKB).
Input: A € R™"*" C e RP*" p e R™

1: Compute 81 = ||bll2, p1 =b/d1,

2: Compute s = PpreyA pi, v1 = lslla, a1 =5/

3:fori=1,2,...,k, do

4 r=Aq —vipi:

50 Siy1 =lIrll2s pi+1 =1/8i+1
6 s =Prie)A Pit1 — it1di
7 vigr=lsll2, giv1 =5/vit1

8: end for el el
Output: {yi,t?i},«+1, (pi gt

= i=1
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rank-revealing QR factorization is relatively easy to compute, we can first get the QR
factorization of C and then compute C'#; directly.

The following result characterizes the structures of the two Krylov subspaces gen-
erated by NSR-GKB.

Proposition 4.2 For the NSR-GKB process, the generated vectors {qi};‘:1 c N(O)
constitute a 2-orthonormal basis of the Krylov subspace

Ke(Prey AT A, PpieyATh) = span{(Pje) AT A) Py ATY . (4.9)
and {p; }le C R™ constitute a 2-orthonormal basis of the Krylov subspace
Ki(APpf ) AT, b) = span{(AP ;) AT b}y (4.10)

Proof To get more insights into the NSR-GKB process, here we give two proofs.

The first proof is based on the property of GKB for linear compact operators [26].
By Proposition 4.1, the NSR-GKB is essentially the operator-type GKB of { A, b}, where
the underlying Hilbert spaces are X := (M(C), (-, -)2) and R™. Therefore, under the
canonical bases, the generated vectors satisfy ¢; € N(C) and p; € R™, and {qr,-}i.‘:1
and { p,-}f.‘:1 are 2-orthonormal bases of the Krylov subspaces K (A*A, A*b) and
Kr(AA*, b), respectively. Since A*y = P ./\/(C)AT y for any y € R™, we have

(A*AY A*b = (Ppfic)ATA) Ppjey A'D,
and ' .
(AA"'D = (APp; ) AD)'b.

The desired result immediately follows.
The second proof uses the recursions (4.6), which is based on a 2-orthonormal
basis {w; {:1 for V(C). The standard GKB process of {(AW), b} with recursions (4.6)

4
generates two 2-orthonormal basis {c}i}f.‘zl and {p; }f.‘zl for the two Krylov subspaces

Ki((AW)TAW, (AW)Tb) = span{((AW)TAW) (AW)Tb}i 2],
K (AW (AW)T, b) = span{(AW (AW)") b},

respectively. Using ¢; = Wg;, WWT =P N©) and noticing that

W{(AW)TAW) (AW)Th
=WWTATAW)WTATL = WWTATAWWT AT
= (PN(C)ATA)iPMC)ATb,

we immediately obtain (4.9). Similarly, we can obtain (4.10). O
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Since the dimensions of (M(C), {-,-)2) and R™ are ¢t and m, respectively,
Proposition 4.2 implies that NSR-GKB will eventually terminate at most min{¢, m}
steps. The “terminate step” of NSR-GKB is defined as

ki = minfk : o181 = 0}, (4.11)

which means that y; or §; equals zero at the current step and thereby the Krylov
subspace can not expand any longer. Suppose NSR-GKB does not terminate before the k-
thiteration, thatis, y;8; # Ofor 1 <i < k. Then the k-step NSR-GKB process generates
two 2-orthonormal matrices O = (q1,...,qx) € R”* and Py = (p1,..., pr) €
R™>k that satisfy the following matrix-form relations:

B10ki1e1 =b
APy = Qr+1Bx (4.12)

PA/(C)ATQkH = PB] + Vk+16]k+161+1,

where e; and e are the first and (k + 1)-th columns of the identity matrix of order
k + 1, and the bidiagonal matrix

Y1
8 2

By = 83 . e RK+Dxk (4.13)

Yk
Sk+1

has full column rank. We remark that it may happen that §;+; = 0, meaning that
NSR-GKB terminates at the k-th step with gz = 0.

Now we seek the approximation to Aj\/ c b by computing the solution of (3.12) in
the Krylov subspace span{Q;} C N(C). For any x € span{Qy}, let x = Qyy with
y € R¥. Using the relations (4.12), we get

min [|Ax — bllz = min || Pry1(Bry — Brer)ll2 = min || Bry — Bieill.
x=Qky yeRK yeRK

Therefore, at the k-th iteration, we only need to solve the following k-dimensional
subproblem to get the approximation:

Xp = QkYk, Yk = argmin | Bry — Bieil2. (4.14)
yeRk

Note that before NSR-GKB terminates, By has full column rank and the LS problem
argminy || Bry — Bietll2 always has the unique solution y; = B,j Bei. As the iteration
proceeds, x; will gradually approximate the true solution of (3.12). The following
result shows that at the terminate step, we will get the exact solution of (3.12).
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Theorem 4.1 Suppose that NSR-GKB terminates at step k;. Then the iterative solution
Xk, = Aj\/( C)b, which is the exact minimum 2-norm solution of (3.12).

Proof Since x, € span{Qx} C N(C), we only need to verify that x;, satisfies the two
relations of Lemma 3.1.

Write xi, as xk,, = Qy, Y, and use the relation Axy, — b = Q,+1(Br, y: — Bier).
We have

PricyAT (Axi, — b) = Prgey AT Qi1 (Bi, i, — S1€1)
= (P4 Bf, + Vi +1qk +1€111) (Bi, yi, — S1€1)
= Py, (Bl Bi, Y, — Bf 81€1) + Viy+18k,+1Vk,+1€[, Yk,

.
= V10 +1Vk,+1€5, Vi,
—0,

since Y, +16k,+1 = 0 and BII, By, yk, = B,ItrS]e] due to y, = argmin,, || By, y — Bieill2.
This verifies the first relation of Lemma 3.1. By Proposition 4.2 we have x;, €
PA/(C)R(AT) = PMC)N(A)J'. Let xi, = Ppjcyw with w € N(A)L. For any
y € N(A) N N(C), we have

(k> ¥)2 = (Paficyws )2 = (w, Pafeyy)2 = (w, y)2 = 0.

This verifies the second relation of Lemma 3.1. O

In the practical computation, we do not need to compute BZ to get x; at each iter-
ation. Instead, by exploiting the bidiagonal structure of By, we can design a recursive
procedure to update x; based on the Givens QR factorization of Bj. This procedure
follows a very similar approach proposed in [37, Section 4.1], and we omit the deriva-
tion. Combining the NSR-GKB process and the update procedure, we get the following
Algorithm 3 for approximating Aj\[( C)b. This algorithm is named the Null Space

Restricted LSOR(NSR-LSQR). We remark that for notational simplicity, some nota-
tions in Algorithm 3 are the same as those in Algorithm 1, but the readers can easily
find the differences between them.

To check the convergence condition of NSR-LSQR, here we give a stopping cri-
terion. The idea is based on Theorem 3.3 and Proposition 4.1, which implies that
NSR-LSQR is a Krylov subspace iterative method applied to the operator-type LS
problem min _ y | Ax — b]|>. For the standard LS problem min, ||Ax — b||2, a com-

. . . . T
monly used stopping criterion is %, where r, = Ax; — b (here we use r; and

xi to denote the quantities computed by LSQR without ambiguity); see [37, Section
6]. Similarly, for the NSR-LSQR algorithm, we use the following relative residual norm
for the stopping criterion:

A*r, 1PNy ATrell2
I A k]2 _ N(©) < tol,
Al 1712 7k ll2

(4.15)
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Algorithm 3 Null Space Restricted LSQR (NSR-LSQR) for computing A'T/\[( C)b.

Input: A € R™"*" C e RP*" p ¢ R™
1: (Initialization)
2: Compute 81 py = b, y191 = Ppre)A' pi > Step 1-2 of NSR-GKB
3: Setxg =0, z1 =q1, 91 =81, p1 =71
4: fori = 1,2, ... until convergence, do
. (Applying the NSR-GKB process)
Siv1Pi+1 = Aqi — Vipi
Yi+14i+1 = PN(C)ATPiH —8i+14i
(Applying the Givens QR factorization to By)
9 pi = +57 "2
100 c; = pi/pi
s si = Bit1/pi
120 Oi41 = SiVitl

130 pit1 = —¢iVig1
14 ¢ =ci¢j _
150 dip1 =sidi

16:  (Updating the solution)

170 xi =xi—1 +(i/pi)zi

18 wiy1 =vig1 — Git1/pi)zi
19: end for

Output: Approximation to A}-\[( C)b

where ry, = Axy — b, and || Al ;= max ”‘ﬁﬁ”z . From the proof of Theorem 4.1 we
veNc) "2
v#0

know that A*r;, would be zero when the exact solution is obtained. Furthermore, at
each iteration, we also have

IA*rill2 = 1PA ey AT (Axk — )2 = Ivar18ks1ves1efvell2 = Ves18ks lef yil-

This means that || .A*r |2 can be quickly obtained with almost no additional cost. The
following result provides an approach for estimating ||.A>.

Proposition 4.3 Suppose {w,-}ﬁ=1 is an arbitrary 2-orthonormal basis of N(C) and
W = (wq,...,w;) € R"™! Then it holds that

lAll2 = omax (AW), (4.16)

which is the largest singular value of AW.

Proof For any v € MN(C), there exist a unique y € R’ such that v = Wy, and
lvll2 = llyll2. Therefore, we have

[ Avll2 AWyl [AWyll2
[All2 = max =max———— = max——— = [[AW|2 = omax (AW).
veN©) llvllz yerR: [Wyla  yeR® Iyl2
v#0 y#0 y#0
The proof is completed. O
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Algorithm 4 Krylov Iterative Decomposed Solver-1 (KIDS-I) for (3.1).

Input: A € R™"*" C e RP*" p e R™, d € RP
1: Compute xlT = Cj‘d by Algorithm 1

. T _ AT :
2: Compute x, = A»,/\/(C)_l_’ by Algorithm 3
3: Compute xt=x +x}
Output: Approximate solution of (3.1)

Note from Proposition 4.3 that || A2 = omax (AW) does not depend on the choice
of the 2-orthonormal basis of V(C). To estimate oy,.x (A W), a very practical approach
is to apply the GKB based SVD algorithm [25]. Combining (4.6) and (4.7), we can
find that NSR-GKB generates the same {y;, 8;} as that generated by the GKB of AW,
whenever which 2-orthonormal basis {w; }5 _ is used. Therefore, we can use the largest
singular value of By generated by NSR-GKB to approximate omax (A W), and it will not
take too many iterations to get an accurate estimate.

4.3 Two Krylov iterative methods for the LSE problem

Based on Algorithm 1 and Algorithm 3, we give two Krylov subspace based iterative
algorithms for the LSE problem, which correspond to the two approaches at the end
of Section 3, respectively. The first algorithm named Krylov Iterative Decomposed
Solver-1 (KIDS-I) is shown in Algorithm 4, and the second algorithm named Krylov
Iterative Decomposed Solver-II (KIDS-II) is shown in Algorithm 5.

We give a brief comparison between the above two algorithms. Generally, for large-
scale problems, both the two algorithms have a nested inner-outer iteration structure:
for KIDS-II, we need to solve (4.8) at each iteration of Algorithm 3, while for KIDS-II,
we need to solve (4.4) and (4.8) at each iteration of Algorithm 1 and Algorithm 3,
respectively. In KIDS-I, the computation of xf and x; can be performed simultaneously.
However, in KIDS-II, the three steps (corresponding to lines 1-3 in Algorithm 5) must
be performed sequentially.

5 Numerical experiments

We present several numerical examples to illustrate the performance of the two
proposed algorithms for the LSE problems. All the experiments are conducted in
MATLAB R2023b with double precision.

Algorithm 5 Krylov Iterative Decomposition Solver-II (KIDS-II) for (3.1).
Input: A e R™"*" C e RP*" p e R", d € RP

1: Compute )EI =cta by solving miny |Cx —d|»

2: Compute b = b — Ai?

3: Compute 2; = Aj\f( C)l; by Algorithm 3

4: Compute x' = )EI + i;
Output: Approximate solution of (3.1)
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5.1 Small- and medium-scale problems

It is worth noting that much of the existing literature on LSE problems lacks numer-
ical results, primarily due to the difficulty of constructing nontrivial test problems,
particularly for large-scale matrices. Based on the analysis of the LSE problems in
Section 3, we propose the following procedure to construct LSE problems for testing
purposes.

Construct test problems By Theorem 3.2 and Theorem 3.3, the minimum 2-norm
solution of (3.1)is x™ = xif + x; , Where xI is the minimum 2-norm solutions of (3.3)
with K = Cand L = A, and xg is the minimum 2-norm solutions of (3.12). With the
help of the approach for constructing test problems for the GLS problems (see [27,
Section 5]), we can construct a test LSE problem using the following steps:

(1) Choose two matrices A € R"*" and C € RP*". Compute G = ATA + C'C.
(2) Compute a matrix B € R"*’ whose columns form a basis for N(C).
(3) Construct a vector wy € R(G). Compute

x{ =w; — B(BTGB)"'BTGuy. (5.1)

(4) Choose a vector z; € R(C)* and letd = C)cIf + 1.

(5) Construct a vector wy € R’ such that wo L N(AB), and choose a vector z5 €
R(AB)*..

(6) Let sz = Bwyand b = Ax;r + 2.

(7) Compute x* = xf + x;

Note that the fourth step ensures that x;r = C;d, while the sixth step ensures that
xg = A}\/’( C)b. By this construction, the minimum 2-norm solution of (3.1) is xt.

In the numerical experiments, we construct four test examples. For the first example,
weset A = Dj, whichis the scaled discretization of the first-order differential operator:

1 -1
_ .. (n—)xn
D = . eR . (5.2)
1 -1

The matrix C € R?324*4486 named Ip_bnl2 comes from linear programming problems

and is sourced from the SuiteSparse Matrix Collection [38]. Let w; = (1, -- -, 1)T €
R”. We use the MATLAB built-in function null.m to compute a basis matrix B
for M(C), and we let wy be the first column of (AB)T. To obtain vectors z; and z2,
we compute the projections of the random vectors randn (p, 1) and randn (m, 1)
onto R(C)* and R(AB)*, respectively.
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For the second example, we set A = D;, which is the scaled discretization of the
second-order differential operator:

-1 2 -1
Dy = S € R=2xn (5.3)
-1 2 -1
and the matrix C € R3190%96% named r05 comes from linear programming problems,

taken from [38]. We use almost the similar setting as the above for constructing the
LSE problem, where the only difference is that we construct w; € R” by evaluating
the function f(¢) = t on a uniform grid over the interval [0, 1], that is, w (k) = %
fork=1,...,n.

For the third example, we choose the matrix M e R33+X3534 named cage9 from
[38], which arises from the directed weighted graph problem. Then we set A = M (:
, 1 :2500) and C = M(:,2501 : 3534). Then we construct the LSE problem using
almost the same setting as the above, where the only difference is that we construct
w; € R” by evaluating the function f(r) = ¢> on a uniform grid over the interval

[—1, 1], thatis, w (k) = (2;":1” _ 1)2f0rk —1,...,n. Weuse cage9-l and cage9-I
to denote A and C, respectively.

For the fourth example, we choose the matrix M € R?728*9728 named pf2177 from
[38], which arises from the optimization problem. Then we set A = M (:, 1 : 6500)
and C = M(:, 6501 : 9728). Then we construct the LSE problem using almost the
same setting as the above, where the only difference is that we construct w; € R" by

evaluating the function f(#) = sin(2¢) 4 3 cos(¢) on a uniform grid over the interval
[—m, ], thatis, w(k) = sin (‘“Tn(kf?l) — 27[) —3cos (% — n) fork=1,...,n.
We use pf2177-1 and pf2177-Il to denote A and C, respectively.

Several properties of the matrices in the four test examples are listed in Table 1.

Experimental results In this experiment, we demonstrate the convergence behavior
and the final accuracy of the approximate solutions computed by KIDS-I and KIDS-II.
For comparison, we also compute two solutions using the null space method and the
direct elimination method, denoted as “NS” and “DE”, respectively. For the KIDS-|
algorithm, at the k-th step, we compute the approximations to xf and x; , respectively,
which are denoted by x1; and x2;. We then compute the k-th approximate solution of

Table 1 Properties of the test examples

A C
Example name mxn k(A) name pXn k(C)
1 Dy 4485 x 4486 2855.90 Ip_bnl2 2324 x 4486 7765.31
2 D 9688 x 9690 1.68 x 107 r05 5190 x 9690 121.82
3 cage9-| 2500 x 3534 3.93 cage9-Il 1034 x 3534 12.48
4 pf2177-1 6500 x 9728 134.84 pf2177-l 3228 x 9728 44.00
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Fig. 1 The convergence history of KIDS-I and KIDS-II with respect to the true solution, where all the inner
iterations are computed accurately. (a) { D1, Ip_bnl2}; (b){ D, r05}; (c) {cage9-1, cage9-I1}; (d) {pf2177-,
pf2177-11}

(1.1) as xx = x1x + x2¢. For the KIDS-II algorithm, we first compute )Z}L which is the
solution to the LS problem min, ||Cx — d||2. Then we apply Algorithm 3 to compute

the approximations to i;, where we denote the k-th approximation by Xp;. The k-th

approximate solution of (1.1) by KIDS-Il is x; = i: + X2k . In this experiment, all the
inner iterations are computed accurately.

Figure 1 shows the convergence history of the two algorithms with respect to the
true solution. Table 2 lists the relative errors of the solutions at the final iterations

Table 2 Relative errors of the solutions at the final iterations of KIDS-I and KIDS-II, and the relative errors
of the solutions computed by NS and DE

Example KIDS-I KIDS-II NS DE
1 9.92 x 10712 7.29 x 10712 7.26 x 10712 7.26 x 10712
2 2.04 x 10711 1.10 x 1072 4.18 x 10712 4.18 x 10712
3 6.55 x 10715 6.37 x 10715 6.37 x 10715 637 x 10715
4 7.64 x 10713 1.62 x 10712 6.46 x 10~13 6.94 x 10713
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of KIDS-I and KIDS-II, as well as the relative errors of the solutions computed by NS
and DE. We have three key findings. First, for both algorithms, all the approximate
solutions eventually converge to the exact solution of the LSE problem, with accuracy
that is almost the same as, or slightly lower than, the solutions obtained by the NS
or DE methods. Second, both KIDS-I and KIDS-II exhibit a linear convergence rate
for the four test problems. Since the two algorithms are based on the operator-form
GKB process, we hypothesize that the convergence rate may share similarities with
the LSQR algorithm. However, a more detailed investigation is needed in the future to
confirm this. Third, compared with KIDS-II, KIDS-I requires fewer iterations to achieve
a solution with a given accuracy. However, it is not yet clear whether this is a general
property of the algorithms.

In Figure 2 we plot the curve corresponding to x; computed by KIDS-I at the final
iteration, alongside the true solution x 7. It is important to note that the curves corre-
sponding to the true solutions are not smooth, as the operations used in constructing
the test problems can lead to oscillating vectors. We remark that constructing a smooth
true solution based on the proposed procedure for generating a test LSE problem is
quite challenging. From the figure, we observe that the computed solutions closely
match the true solution. These results demonstrate the effectiveness of the proposed
algorithms in iteratively solving LSE problems.

True solution
— — —Computed solution

L True solution
— — -~ Computed solution

L 06
1 04
‘ 02

05 ! 0

-0.2

L L L L L L L L 04 L L L L L L L L L
0 500 1000 1500 2000 2500 3000 3500 4000 4500 0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

(@) (b)

60

True solution
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1 . — — -~ Computed solution
— — —Computed solution

L L L L L L L 60 L L L L L L L L L
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(a] (d)

Fig.2 Curves for the true and computed solutions obtained by KIDS-I at the final iteration. (a) { D1, lp_bnlI2};
(b){ Dy, r05}; (c) {cage9-l, cage9-Il}; (d) {pf2177-1, pf2177-I1}
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In this experiment, we investigate how the inaccuracy in computing the inner itera-
tions of both KIDS-I and KIDS-II affects the final accuracy of the approximate solutions.
For KIDS-I, at each iteration, we use LSQR with stopping tolerance t to iteratively
solving (4.4) and (4.8) for approximating xf and x; , respectively. For KIDS-Il, we
first compute an exact solution )EI, and then use LSQR with stopping tolerance t

to iteratively solving (4.8) for approximating )?; The stopping tolerance value 7 for
LSQR are set to 1070 and 1078, For simplicity, we only present the results for the
first and third examples, as the results for the other two examples are similar. From
Figure 3, we observe that the value of t significantly impacts the final accuracy of xy,
with the accuracy being approximately on the order of O(t). On the other hand, the
convergence rate is not affected very much. It is important to investigate how the final
accuracy of the computed solution is influenced by the value of 7, especially because,
for large-scale problems, it is not feasible to compute the inner iterations accurately.
This aspect should be explored further in future work.

In this experiment, we explore how the solution accuracy of )ZI = argmin, ||Cx —

d||; influences the final accuracy of x'. To obtain an approximate )EIT, we apply the

5 5
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Fig. 3 The convergence history of KIDS-I and KIDS-II with respect to the true solution, where the inner
iterations are approximated by solving (4.4) and (4.8) by LSQR with stopping tolerance . (a) { D1, Ip_bnI2},
r =10"10; (b) {Dy, Ip_bnl2}, r = 1078; (¢) {cage9-l, cage9-ll}, T = 10719; (@) {cage9-l, cage9-Il},
t=10"8
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LSQR algorithm to solve min, ||[Cx — d||» with a stopping tolerance set to 71. The
inner iteration is approximated by solving (4.8) using the LSQR algorithm, with the
stopping tolerance set to t2. We only show the experimental results for the first exam-
ple, as the results for the other examples are similar. First, we set 7; = 107! and
71 = 1078, respectively, and set 7o = 0, meaning that we compute the inner iteration
accurately. The convergence history is shown in Fig. 4a. We observe that an inaccu-
rate )EI affects the final accuracy of x', even when the inner iterations are computed
accurately. Second, we set 11 = 17 = 1070 and 7y = » = 1078, respectively. The
convergence history is shown in Fig. 4b. We observe that when the inner iterations are
performed with the same accuracy as )?17, then the final accuracy of x ' is comparable
to the accuracy achieved when the inner iterations are computed accurately. Since the
solution error of )ZIT may be amplified in the subsequent computation, analyzing the
impact of the inaccuracy in )EI on the final accuracy of xT is more complex than simply
analyzing the inner iterations. This also implied that KIDS-Il can be more susceptible
to computational errors than KIDS-I. A systematic comparison of the two algorithms
and their susceptibility to computational errors will be explored in future work.

5.2 Large-scale problems

We propose the following steps to construct a large-scale LSE problem. To clearly
indicate the dimensions of each block matrix, we use 1, to denote a vector of size
r x 1 with all entries equal to 1, and use 0, to denote either a zero matrix of size r x r
or a zero vector of size r x 1, depending on the context.

(1) Given positive integers n, 1, r» and r3, satisfying r; + rp + r3 = n. Let

I, 0,
A= IV D, C= Xc D,
0, I,
100 . . ; . : 10° T T T T T T T T T
KIDS-II, 7, = 10710 KIDS-II, 7 = 1071
102k ——KIDS-II, 7, = 1078 | 102 ——KIDS-II, 7 = 10°® |
— NS —NS
5 10°F ---DE 1 5 10° ---DE
5 ] ®
Q 10° 1 2 10°
K k|
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(a) T2 =10 (b)y T2 =m71

Fig.4 The convergence history of KIDS-Il with respect to the true solution, where )ElI = argmin, |[Cx —d||

is computed by LSQR with stopping tolerance 71, and the inner iteration is approximated by solving (4.8)
by LSQR with stopping tolerance 1. The test example is { Dy, Ip_bnl2}
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where ¥4 = diag(a) with a = linspace(0.99,0.01,r3), ¢ = (I, —
Zi)]/z, and D = diag(d) withd = linspace(l, 100, n).
(2) Compute the following matrix B € R"*"! whose columns span AV(C):

I,
B=D""]o0,
0,

(3)LetG = ATA+CTCandz) = (0], 1], 0T)T. Compute x| = Gz; andd = Cx].
(4) Let zp = linspace(100, 1, rl)T. Compute xg = Bzyand b = Ax;

(5) Compute x* = xf + x;

Using Theorem 3.2 and Theorem 3.3, we can verify that the above construc-

tion ensures that xIr is the minimum 2-norm solution of (3.3) with K = C and

L = A, and x; is the minimum 2-norm solutions of (3.12). In the experiment,
we fix r; = 200, r, = 300, while varying the value of r3, which leads to
n = 6000, 8000, 10000, 12000, 14000, 16000, 18000.

We use the above large-scale problems to evaluate the performance of KIDS-I and
KIDS-II on large sparse LSE problems, comparing them with the NS and DE methods.
The comparison of the relative errors of the solutions are shown in Table 3, where
the corresponding total iterations of KIDS-I and KIDS-II are shown in parentheses.
The corresponding running time of both the methods are listed in Table 4. For n =
6000, 8000, 10000, 12000, 14000, we test both the direct methods and the iterative
methods, where all inner iterations are computed either accurately (i.e., T = 0) or
approximately by solving (4.4) and (4.8) with LSQR using a stopping tolerance of
T = 1072, For n = 16000, 18000, we only apply KIDS-l and KIDS-Il with z = 1012,

As shown in Table 3, both KIDS-I and KIDS-Il with t = 0 achieve very low relative
errors across all tested problem sizes. The relative errors of KIDS-I are only slightly
higher than those of the two direct methods, which typically serve as baselines for eval-
uating the accuracy of numerical algorithms. Meanwhile, the relative errors of KIDS-I
are consistently slightly higher than those of KIDS-| for all tested problem sizes. Since
KIDS-I and KIDS-Il with T = 0 rely on matrix factorizations to compute the inner itera-
tions, their running time grows in a manner similar to that of the direct methods NS and
DE. This trend is clearly illustrated in Table 4, where all four methods exhibit compa-
rable total running times for problem sizes n = 6000, 8000, 10000, 12000, 14000.

As shown in both Tables 3 and 4, when the inner iterations are computed approxi-
mately with 7 = 10712, the relative errors of KIDS-I and KIDS-Il are higher compared
to those obtained with ¢ = 0. However, the running time is significantly reduced,
particularly for large-scale problems since matrix factorizations are no longer used.
This makes them much faster than the direct methods on large sparse LSE problems.
These results demonstrate that relaxing the inner iteration precision offers a practical
trade-off between solution accuracy and computational efficiency. We remark that for
our large sparse matrices, solving (4.4) and (4.8) using LSQR converges very quickly,
often within just a few iterations. However, for real-world large-scale problems, the
inner iterations may require more time. Even so, they can still be more efficient than
direct methods, especially if the inner iteration precision is moderately relaxed.
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Table 4 Comparison of running times (in seconds) for KIDS-I, KIDS-II, NS, and DE

n KIDS-I KIDS-II NS DE
t=0 T=10"12 =0 T=10"12
6000 98.24 0.55 103.75 0.52 97.10 78.65
8000 244.69 0.58 242.86 0.65 227.14 181.77
10000 451.59 0.83 464.38 1.14 418.68 360.21
12000 702.43 0.88 732.80 0.85 681.10 593.02
14000 1186.49 0.95 1161.88 0.84 1073.51 954.86
16000 - 1.02 - 0.99 - -
18000 - 1.10 - 1.09 - -

Test for operator-form matrices A and C In this experiment, we construct two large-
scale linear operators A € R®=2%n and C € R™ " in a matrix-free fashion, i.e.,
without explicitly forming the matrices. Both operators are implemented as function
handles that compute matrix-vector products efficiently, which is critical for large-
scale problems where explicit matrices are infeasible.

The operator-form matrix A is a modified version of the discrete second-order finite
difference operator defined in (5.3), where the diagonal entries are replaced by 5, i.e.,

(Ax); =x; = 5xi1+Xi42, i=1,...,n=2,

where x € R”" is an input vector. The matrix A is implemented as a function handle
Afun(x, mode) supporting the following two modes:

e mode = ‘notransp’ computes the forward multiplication y = Ax, returning
a vector y € R"~2 with components

Yi =Xi —Sxiy1 + Xit2, i=1,...,n—2.

T

e mode = ‘transp’ computes the transpose multiplication y = A'x, where

x € R"72 and the output y € R” is given by

Y1 = X1, y2 = —3x1 + x2,
Vi=Xi—2—=5xi—1+x;, i=3,...,n—-2,
Yn—1= —5xp-2 + Xp—3,

Yn = Xp-2.

The operator-form matrix C € R"*" is constructed as follows. We set r = n — ¢
with ¢+ = 500, and construct the operator C : R" — R’ as

C=MP",
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where P € R"*" is an orthogonal matrix generated by the Matlab built-in function
gallery(‘orthog’, n),and M = (I, 0) € R"*". Thus, for any vector x € R"
we have

Cx = M(P'x) = (P11,

T, _ y
Cy—P<0>.

Thus, the matrix C is implemented as a function handle Cfun(x, mode) with the
following two modes:

and for any y € R” we have

e mode = ‘notransp’ computes the forward product
_ _(pT
y=Cx=(P ).

e mode = ‘transp’ computes the transpose product

y:CTx=P<z).

From the above construction, an explicit basis for M(C) is given by the columns of

the matrix
B=p <0) e R™.
Iy

We set n = 10000 and follow the approach outlined in Section 5.1 to construct
an LSE problem. For this problem, methods based on matrix factorizations are not
applicable; instead, iterative methods that rely solely on matrix-vector products should
be used.

Figure 5 presents the experimental results, where 20 iterations are performed for
both KIDS-I and KIDS-II. In each case, the inner iterations are approximated by solving

KIDS-I ——True solution
—+—KIDS-II| | ’ — — -Computed solution

Relative error

0.9

0.8

0.7

o 2 4 6 8 10 12 14 16 18 20 06
Iteration

(a) (b)

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Fig.5 Testresults for the LSE problem with operator-form matrices. (a) Convergence history of KIDS-l and
KIDS-Il with respect to the true solution. (b) Curves for the true and computed solutions obtained by KIDS-I
at the final iteration
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(4.4) and (4.8) using LSQR, with a stopping tolerance of T = 1073, It can be observed
that the convergence is very fast, possibly because the dominant components of the true
solution lies in alow-dimensional Krylov subspace generated by KIDS-l and KIDS-II. We
note, however, that for a general LSE problem, the convergence may be much slower
than in this example. Constructing a suitable example that clearly demonstrates such
slow convergence is not a straightforward task. The final accuracy of the solutions
computed by both KIDS-I and KIDS-II are influenced by the value of 7, consistent
with the results demonstrated in Section 5.1. We also plot the curve corresponding
to x; computed by KIDS-I at the final iteration, alongside the true solution x'. These
results demonstrate the effectiveness of the proposed algorithms for LSE problems
with operator-form matrices.

6 Conclusion and outlook

In this paper, we have introduced a novel approach to solving the LSE problems
by reformulating them as operator-type LS problems. This perspective allows us to
decompose the solution of the LSE problem into two components, each corresponding
to a simpler operator-based LS problem. We have derived two types of decomposed-
form solutions, and building on this decomposition, we have developed two Krylov
subspace based iterative methods that efficiently approximate the solution without
matrix factorizations. The two proposed algorithms, named KIDS-I and KIDS-II, follow
anested inner-outer structure, where the inner subproblem can be computed iteratively.
We have proposed an approach to construct the LSE problems for testing purposes,
and used several test examples to demonstrate the effectiveness of the algorithms.

The primary computational bottleneck of the proposed algorithms lies in the inner
iteration. In future work, we plan to explore additional theoretical and computational
strategies to improve the efficiency of this step and thereby accelerate the overall
performance of the proposed algorithms.
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