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Abstract. Computing the regularized solution of Bayesian linear inverse problems as well as
the corresponding regularization parameter is highly desirable in many applications. This paper
proposes a novel iterative method, termed the Projected Newton method (PNT), that can simultane-
ously update the regularization parameter and solution step by step without requiring any expensive
matrix inversions or decompositions. By reformulating the Tikhonov regularization as a constrained
minimization problem and leveraging its Lagrangian function, a Newton-type method coupled with a
Krylov subspace method is designed for the unconstrained Lagrangian function. The resulting PNT
algorithm only needs solving a small-scale linear system to get a descent direction of a merit function
at each iteration, thus significantly reducing computational overhead. Rigorous convergence results
are proved, showing that PNT always converges to the unique regularized solution and the corre-
sponding Lagrangian multiplier. Experimental results on both small-scale and large-scale Bayesian
inverse problems demonstrate its excellent convergence property, robustness, and efficiency. Given
that the most demanding computational tasks in PNT are primarily matrix-vector products, it is
particularly well-suited for large-scale problems.
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1. Introduction. Inverse problems arise in various scientific and engineering
fields, where the aim is to recover unknown parameters or functions from noisy ob-
served data. Applications include image reconstruction, computed tomography, med-
ical imaging, geoscience, data assimilation and so on [6, 25, 28, 30, 49]. A linear
inverse problem of the discrete form can be written as

(1.1) b=Ax+e,

where x € R™ is the underlying quantity to reconstruct, A € R™*" is the discretized
forward model matrix, and b € R™ is the vector of observation with noise €. We
assume that the distribution of € is known, which follows a zero mean Gaussian
distribution with positive definite covariance matrix M, i.e., € ~ N(0,M). A big
challenge for reconstructing a good solution is the ill-posedness of inverse problems,
which means that there may be multiple solutions that fit the observation equally
well, or the solution is very sensitive with respect to observation perturbation.

To overcome the ill-posedness, regularization is a commonly used technique.
From a Bayesian perspective [28, 53], this corresponds to adding a prior distribu-
tion of the desired solution to constrain the set of possible solutions to improve
stability and uniqueness. By treating  and b as random variables, the obser-
vation vector b has a conditional probability density function (pdf) of the form
p(blz) x exp (—3||Az — b||%,_.) . To get a regularized solution, this paper considers
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a Gaussian prior about the desired solution with the form & ~ N(0, "' N), where
N is a positive definite covariance matrix. Then the Bayes’ formula leads to

1 I3
plalb, ) ol p(ble) xexp 314w~ bl Sl )

where ||z||p := (x' Bx)'/? is the B-norm of x for a positive definite matrix B.
Maximizing the posterior pdf p(x|b, A) leads to the Tikhonov regularization problem

(1.2) min {| Az b3, + plzli -}

where the regularization term pl|||%,_, enforces extra structure on the solution that
comes from the prior distribution of x.

The parameter p in the Gaussian prior N (0,4 1 N) is crucial for obtaining a
good regularized solution, which controls the trade-off between the data-fit term and
regularization term. There is tremendous effort in determining a proper value of p.
For the standard 2-norm problem, i.e., M =TI and N = I, the classical parameter-
selection methods include the L-curve criterion [23], generalized cross-validation [22],
unbiased predictive risk estimation [47], and discrepancy principle [40]. There are
also some iterative methods based on solving a nonlinear equation of u; see, e.g.,
[2, 20, 37, 46]. However, the aforementioned methods cannot be directly applied to
(1.2). A common procedure needs to first transform (1.2) into standard 2-norm form

(1.3) feliRI}L{HLM(Aw_b)H%+/~‘||LN33||§}a

where M ' = LLLM and N~! = L;LN are the Cholesky factorizations, and then
apply the parameter-selection methods. This procedure needs the matrix inversions
of M and N as well as the Cholesky factorizations of M ~! and N~!. For large-
scale matrices, these two types of computations are almost impossible or extremely
expensive.

For large-scale problems, there exist some iterative regularization methods that
can avoid choosing p in advance. A class of commonly used iterative methods is based
on Krylov subspace [35], where the original linear system is projected onto lower-
dimensional subspaces to become a series of small-scale problems [19, 27, 33, 42]. For
dealing with the general-form Tikhonov regularization term | Lyx|3, some recent
Krylov iterative methods include [26, 29, 34, 39, 45] and so on. When the Cholesky
factor Ly is not accessible, a key difficulty is dealing with the prior covariance IV,
which means that the subspaces should be constructed elaborately such that the prior
information of & can be effectively incorporated into these subspaces [8, 32]. Such
methods have been proposed in [7, 8, 9], where a statistically inspired priorcondition-
ing technique is used to whiten the noise and the desired solution. However, these
methods still require large-scale matrix inversions and Cholesky factorizations, which
prohibits their applications to large-scale problems.

Recently, there are several Krylov methods for directly solving (1.1) without
choosing p in advance and can avoid the matrix inversions and Cholesky factor-
izations [12, 32]. These methods use the generalized Golub-Kahan bidiagonalization
(gen-GKB), which can iteratively reduce the original large-scale problem to small-scale
ones and generate Krylov subspaces that effectively incorporate the prior information
of & encoded by N. In [32], the regularization effect of the proposed method comes
from early stopping the iteration, where the iteration number plays the role of the
regularization parameter, while in [12], the authors proposed a hybrid regularization
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method that simultaneously computes the regularized parameter and solution step by
step. Although these two methods are very efficient for large-scale problems, there
may be some issues in certain situations. The method in [32] only computes a good
regularized solution but not a good u. However, in some applications, we need an
accurate estimate of u to get the posterior distribution of @ for sampling and un-
certainty quantification [17, 52, 53]. For the hybrid method in [12], the convergence
property does not have a solid theoretical foundation, and it has been numerically
found that the method sometimes does not converge to a good solution, which is a
common potential flaw for hybrid methods [11, 48].

Many optimization methods have been proposed for inverse problems, particularly
those stemming from image processing that leads to total variation regularization or
¢, regularization. These methods include the Bregman iteration [21, 43, 56], iterative
shrinkage thresholding [3, 15], and many others [1, 36, 54]. However, these meth-
ods either need a good parameter i in advance or cannot well deal with M ~* and
N~'. In [31] the author proposed a modification of the Newton method that can
iteratively compute a good p and regularized solution simultaneously. However, this
method needs to solve a large-scale linear system at each iteration, which is very costly
for large-scale problems. This method was improved in [13, 14], where the Newton
method is successfully combined with a Krylov subspace method to get a so-called
projected Newton method. Compared with the original method, the projected New-
ton method only needs to solve a small-scale linear system at each iteration, thereby
very efficient for large-scale Tikhonov regularization (1.3). However, for solving (1.2),
this method needs to compute V(4||z[|%,-1) = N '@ to construct subspaces, which
is also very costly. Besides, their methods lack rigorous proof of convergence.

In this paper, we develop a new efficient iterative method for (1.2) that simulta-
neously updates the regularization parameter and solution step by step, and it does
not require any expensive matrix inversions or Cholesky factorizations. This method
follows the Newton-type approach for noise constrained Tikhonov regularization pro-
posed in [13], where the gen-GKB process is integrated to compute a projected Newton
direction by solving a small-scale linear system at each iteration, thereby it is also
named the projected Newton method (PNT). The main contributions of this paper are
listed as follows:

e We reformulate the regularization of the original Bayesian linear inverse prob-
lem as a noise constrained minimization problem and prove the existence,
uniqueness, and positivity of its Lagrangian multiplier A under a very reason-
able assumption. The correspondence between the constrained minimization
problem and Tikhonov regularization (1.2) is connected by p=1/A\.

e We propose a gen-GKB based Newton-type method to compute the regular-
ized solution by optimizing its Lagrangian function and obtaining the corre-
sponding Lagrangian multiplier. A series of Krylov subspaces is generated
by gen-GKB, avoiding the need for costly matrix inversions or Cholesky fac-
torizations. Using the subspace projection technique, we need only solve a
small-scale linear system to compute the descent direction at each iteration.

e A rigorous proof of convergence for the proposed method is provided. With
a very practical initialization (xg,Ag), we prove that PNT always converges
to the unique solution of the constrained minimization problem and the cor-
responding Lagrangian multiplier.

We use both small-scale and large-scale inverse problems to test the proposed
method and compare it with other state-of-the-art methods. The experimental re-
sults demonstrate excellent convergence properties of PNT, and it is very robust and
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efficient for regularizing Bayesian linear inverse problems. Since the most computa-
tionally intensive operations in PNT primarily involve matrix-vector products, it is
especially appropriate for large-scale problems.

This paper is organized as follows. In section 2, we formulate the noise constrained
minimization problem for regularizing (1.1) and study its properties. In section 3, we
propose the PNT method. In section 4, we prove the convergence of PNT. Numerical
results are presented in section 5 and conclusions are provided in section 6.

2. Noise constrained minimization for Bayesian inverse problems. In
order to get a good estimate of p in (1.2), the discrepancy principle (DP) criterion is
commonly used, which depends on the variance of the noise. Based on DP, we can
rewrite (1.2) as an equivalent form of noise constrained minimization problem.

2.1. Noise constrained minimization. If e ~ AV (0,0%1) is a white Gaussian
noise, the DP criterion states that the 2-norm discrepancy between the data and
predicted output || Az (u) — b||2 should be of the order of ||e||2 & /mo, where x(u) is
the solution to (1.2); see [28, sect. 5.6]. If € is a general Gaussian noise, notice that
(1.1) leads to Lysb= Ly Ax+ Lyse, and Lyre ~ N (0, I), thereby this transformation
whitens the noise. Since € := L e is a white Gaussian noise with zero mean and
covariance I, it follows that

E [||€]|3] =E [trace (¢ "€)] =E [trace (€€ )] = trace (E [ee"|) = trace (I) = m.
Therefore, the DP for (1.1) can be written as
(2.1) | Az (1) = bll3—+ = ILar Az (i) — L3 =7m,

where 7 is chosen to be marginally greater than 1, such as 7=1.01.
Using this expression of DP, we rewrite the regularization of (1.1) as the noise
constrained minimization problem

1 9 1 9 ™
(2.2) mnelﬁg%i”w“”_l s.t. §||Aa3—b|\M_1 < -
where its Lagrangian is
1 2 A 2
(2.3) L@, N) =5 l2l3 + 5 (1A — b3, —m)

with A >0 the Lagrangian multiplier. To further investigate (2.2) and (2.3), we first
state the following basic assumption, which is used throughout this paper.

Assumption 1. For all x € {x € R" : || Az — b||p;—1 = min}, it holds that
(2.4) Az — b3, <Tm < [b]37-1-

The first inequality means that the naive solutions to (1.1) fit the observation very
well, and it ensures the feasible set of (2.2) is nonempty. The second inequality comes
from the condition ||Las€ll2 < ||Lasrb||2, meaning that the noise does not dominate
the observation, which ensures the effectiveness of the regularization. Under this
assumption, the following result describes the solution to (2.2).

THEOREM 2.1. The noise constrained minimization (2.2) has a unique solution
x* satisfying |Ax* — b||3,_, = 7m. Furthermore, there is a unique X\* >0, which is
the Lagrangian multiplier corresponding to * in (2.3).
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Proof. Let p(x) := 5(||Az—b||%,_, —7m), which is a convex function. In (2.2) we
seck solutions to min &[|@||%,_, in the feasible set S := {x € R" : p(x) < 0}, which is
the 0-lower level set of ¢(z). Note that S is a compact and convex set and 3 ||&[|%,, is
continuous and strictly convex. Thus, there is a unique solution * to (2.2). Suppose
A* is a Lagrangian multiplier corresponding to x*. By the Karush-Kuhn-Tucker
(KKT) condition [41, sect. 12.3], the solution (x*, \*) satisfies

N 'z* + M*Vy(z*) =0,
Ap(x*) =0,
A*>0.

If \* =0, then N~ 'a*, leading to * = 0. This means 0 € S, i.e. ||bH?vrl <Tm, a
contradiction. Consequently, it must hold A* > 0. From the relation A*p(x*) =0 we
have o(x*) =0, i.e. |Axz* —b|3,_, =7m.

For the uniqueness of \*, here we give two proofs. In the first proof, we note
that Vo(x*) = AT M~ (Axz* — b) # 0 since x* ¢ {x € R" : | Ax — b||p;—1 = min}
by Assumption 1. Therefore, the linear independence constraint qualification (LICQ)
holds at «*, which leads to the uniqueness of A*; see [41, sect. 12.3].

In the second proof, we note that for any A > 0, there is a unique x that solves

the first equality of the KKT condition:
(2.5) Nz +\Vp(x)=0 & (N'+XA"M'A)z=)A"M'b,

since N '+ XATM 1A is positive definite. Here we prove a stronger property: there
exist a unique X\ > 0 such that || Az —b||3,_, = 7m. The existence of such a X has
been proved, since ** = x)+. For the uniqueness, define two functions

1 1
K(\):= 5\\:“”?\,_1, H(\) = 3 ([[Azx — bl|3,-1 —Tm).

Note that L£(x, ) is strictly convex for a fixed A > 0, which has the unique minimizer
. Thus, for any two positive A\; # A2, we have L(zx,, A1) < L(Txr,, A1) < K(A1) +
MH(A) < K(A2) + A H(\2), since &y, # Ty,; see Lemma 2.2. Similarly, we have
K(X2) + AoH(A2) < K(A1) + A2H(A1). Adding the above two inequalities leads to
(M = A2)(H(A) — H(X2)) <0, meaning that H(\) is a strictly monotonic decreasing
function. Therefore, there is a unique A such that H(X) =0. |

We emphasize that Assumption 1 is essential for ensuring the validity of Theorem
2.1 and plays a key role in the regularization of (1.1). If the left inequality of Assump-
tion 1 is violated, then either the feasible set of (2.2) is empty when ||Az—bl|3,_, >Tm
or it becomes the equivalent least squares problem

1
miniHmH?\]_l st. ||Az —b|j3,-, =min

when [|Az — b||3,_, = 7m. The latter case means that no regularization is required,
which makes the problem much easier to handle. The right inequality of Assumption 1
ensures the positivity of the Lagrangian multiplier A*, which is a necessary condition.
To see it, let us assume there exist a A* > 0 and follow the second proof for the
uniqueness of A*. From the KKT condition it must hold that p(xx«) = H(A*) = 0.
Now H(0) = 1(||b]|3,-. — 7m) <0 and H(+00) = §(||Az — b||3,_, — 7m) <0 for any
x € argmingcpn ||[Ax — bl|ps-1. Since H(A) is strictly monotonically decreasing, the
only possible zero root of H()) is A =0, which leads to a contradiction. In this case, it
implies that the noise in b is too large, resulting in A* =0 and a very poor regularized
solution * =0.
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LEMMA 2.2. For each A\ >0, the regularization problem

(2.6) min {\|Az — b}, + [|2lly -1}

has the unique solution xy. If A1 # X2, then Ty, #xy,.

Proof. Note that the normal equation of (2.6) is equivalent to (2.5). Thus, x, is
the unique solution to (2.6). Using the Cholesky factors of M~' and N, and notic-
ing that Ly is invertible, we can write the generalized singular value decomposition
(GSVD) [55] of {La;A, Ly} as LyyA=UsX4Z ", Ly =UxZNZ ! with

D4 T Dy r
EA_( 0 )m—r’ EN_( I >n—r’

T on-—r roon-—r

where U 4 € R™*™ and U y € R"*™ are orthogonal, Z = (z1,...,2,) in nonsingular,
r = rank(A), and D, = diag(o1,...,04) with 1 > 07 > -+ > 0, > 0 and Dy =
diag(p1,...,pr) wWith 0 < p; < --- < p,. < 1, such that o2 + p? = 1. Then x) can
be expressed as ) = 22:1 ﬁ(u}iLMb)zi where w4 ; is the ith column of U 4.
Since {z;}i_, are linear independent, if €y, = x,,, then it must hold that

)\107; )\20'1'

= s (M —=X)oip?=0, i=1,...,r
)\102-2—&-/)22 )\20’1-24‘[)12 (1 2)0 Pi ’ "

Since g;p; >0 for i=1,...,7, we obtain A\; = Ag. 0

Remark 1. From the proof of Theorem 2.1, we find that A plays the role of =1 in

(1.2), meaning that x(u) =z, if A= p~!. In fact, there is a one-to-one correspondence
between (1.2) and (2.2). Note that * = x~. Comparing (2.6) with (1.2), we can use
(A*)~! as a good estimate of the optimal regularization parameter.

COROLLARY 2.3. Let Rt =[0,00). Write the gradient of L(x,\) as

(MM YAz —-b)+ N 'z
20 P = (M G )

2

Then F(x,\) = 0 has a unique solution (z*,\*) in R™ x RY, which is the unique
minimizer and corresponding Lagrangian multiplier of (2.2).

2.2. Newton method. A modification of the Newton method was proposed in
[31] to solve the nonlinear equation F'(x,\) =0, which is referred to as the Lagrange
method since it is based on the Lagrangian of (2.2). In this method, the Jacobian
matrix of F(zx,\) is first computed as

MTM7TA+ N ATM'(Az —b)
(2'8) J(QZ,)\) - ( (ACE _ b)TM—lA 0 )

at the current iterate (x,\), and then it computes the Newton direction (AzxT,AX)T
by solving inexactly the linear system

(2.9) I(@,)) (ﬁf) — _F(z,))

using the MINRES solver [44]. We remark that this method is essentially a Newton—
Krylov method [5] for optimizing the nonlinear and nonconvex Lagrangian function
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(2.3). It was shown that the computed (Az,AN) is a descent direction for the merit
function

hw(@,A) = 5 (Vo L@, N3 + w|VAL(@,N)?)

1
2
with a w > 0, which means that (Az ", A\)Vh,(x,)\) < 0. By a backtracking line
search strategy to determine a step length v > 0, the iterate is updated as (x,\)
(z, \) +v(Azx, AN).

An advantage of this method is that it can compute a good regularized solution
and its regularization parameter simultaneously. However, for large-scale problems,
we need to compute M ' and N~! to form F(x,)\) and J(x,)), which is almost
impossible. Moreover, at each iteration, an (n+1) X (n+ 1) linear system (2.9) needs
to be solved, which is very computationally expensive even if we only compute a less
accurate solution by an iterative algorithm.

In [13], the authors proposed a projected Newton method, where at each iteration,
the large-scale linear system (2.9) is projected to be a small-scale linear system that
can be solved cheaply. However, this method can only deal with the standard f5 — /5
regularization, which means we can only apply this method to (1.3) by the substitution
& = Ly, requiring the expensive Cholesky factorization of N ™. A generalization
of this method [14] can deal with a general-form regularization term. However, for
(2.2), it needs to compute V(%Hx”?\,,l) = N "'z to construct subspace for projecting
(2.9), also very costly.

3. Projected Newton method based on generalized Golub—Kahan bidi-
agonalization. To reduce expensive computations of the Newton method for large-
scale problems, we design a new projected Newton method to solve (2.2). This method
uses the gen-GKB to construct Krylov subspaces to compute projected Newton direc-
tions by only solving small-scale problems, and it does not need any expensive matrix
inversions or decompositions. This method is composed of the following three main
steps:

Step 1: Construct Krylov subspaces. We adopt gen-GKB to iteratively construct a
series of low-dimensional Krylov subspaces; see Algorithm 3.1.

Step 2: Compute the projected Newton direction. At each iteration, we compute the
projected Newton direction by solving a small-scale problem; see (3.12).

Step 3: Determine the step-length to update solution. We use the Armijo back-
tracking line search to determine a step-length and update the solution; see
Routine 1.

Algorithm 3.1. Generalized Golub-Kahan bidiagonalization (gen-GKB).
Input: A€ R™*" beR™, M ¢ R™*™ N ¢ R"*"
1: 5=M"'b, 5, =5"b, u; =b/p1, u1=5/5
2:r=A"wu, r=Nr

3 a;=(r r)1/2 v1=7/a1,v1 =7/

4: fori=1,2,...,k do

5: s=Av; —au;, s=M"'s

6

7

8

9

Biv1=(s"8)Y% wiy1 =8/Biy1, Wis1 =5/Bip1
r=A"U 11— Bip10;, 7 =NT
ip1 = (P P2 v =7/, Vil =T/ i
: end for
Output: {ai,ﬁi}f;rll, {u;, 1}k+1
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In the next subsection, we present detailed derivations of the whole algorithm.
All the proofs can be found in subsection 3.2.

3.1. Derivation of projected Newton method. This subsection presents
detailed derivations for the above three steps.

Step 1. Construct Krylov subspaces by gen-GKB. The gen-GKB process has been
proposed for solving Bayesian linear inverse problems in [12, 32]. The basic idea is to
treat A as the compact linear operator

AR (-, In-1)— R™ () pr-1), T Az,

where © and Ax are vectors under the canonical bases of R™ and R™, respectively.
Here the two inner products are defined as (x, ') -1 :=2 ' N~ 'z’ and (y,y')ps-1 :=
y " M~ 'y’. Therefore, we can define

AT (R™, () v-1) = (R (G )n-), gy ATy,

which is the adjoint operator of A, by the relation (Az,y) -1 = (¢, A*y) n-1. Note
that (Axz)" M 'y=aT N 'A%y for any « € R” and y € R™. Thus, the matrix-form
expression of A*is A*=NA M.

Applying the standard Golub—Kahan bidiagonalization (GKB) to the compact
operator A with starting vector b between the two Hilbert spaces (R™,(-,-) n-1) and
(R™,{-,-Ypg-1), we can obtain the gen-GKB process; see [10] for GKB for compact
operators. The basic recursive relations of gen-GKB are as follows:

(3.1a) prur =b,

(3.1b) av; = A"u; — Bivi_1,

(3.1c) Bit1tit1 = Avi — a;uy,

where «; and f; are computed such that ||u;||ar-1 = [|villny-r = 1, and vy := 0.

The whole iterative process is summarized in Algorithm 3.1. For more details of the
derivation, please see [32].

We remark that computing with M ~! cannot be avoided, but for the most com-
monly encountered cases that € is a Gaussian noise with uncorrelated components,
M is diagonal and thereby M ~1 can be directly obtained. For applications that e
is a colored Gaussian noise such that M is not diagonal, computing M is the most
expensive operation. In these cases, the proposed PNT method based on gen-GKB
may not be the optimal choice.

The following result gives the basic property of gen-GKB; see [32] for the proof.

PrOPOSITION 3.1. The group of vectors {ui}le is an M~ -orthonormal basis
of the Krylov subspace

(3.2) Ki(ANA"M ™ b) =span{(ANA M )b}l
and {v;}k_, is an N ~L-orthonormal basis of the Krylov subspace
(33) Kp(NATM'A NA"M 'b)=span{(NA'M TA)YNA M b}

Define U1 = (uy,...,ug41) and Vi = (v1,...,0541). Then Proposition 3.1
indicates that UkTHM*lUkH =TI and VkT.HN*leH = I. We remark that gen-
GKB will eventually terminate in at most min{m,n} steps, since the column rank of
Uy or Vi, cannot exceed min{m,n}. If we define the termination step as

(3.4) ky := max{k : ay Sy > 0},

then V. will eventually expand to be Vi, with k; <min{m,n}.
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By (3.1a)—(3.1¢), we can write the k-step (k < k;) gen-GKB in the matrix-form

(35&) ﬂlUk-&-lel = b,
(3.5b) AV =Uj41By,
(3.5¢) NATMilUk_H Z‘/kB;r +ak+1vk+1eg+1,

where e; and ey are the first and (k4 1)th columns of the identity matrix of order
k + 1, respectively, and

(63}
Bz a2

B3 ER(k+1)Xk.

(3.6) By

ag
Br+1
Note that By has full column rank if & < k;. At the k;th iteration, it is possible

that either B, 11 = 0 occurs first or ag,+1 = 0 occurs first. For the former case, the
relations (3.5) are replaced by

(37&) ﬁlUktel = b,
(37b) Ath - Uktﬁk:ta
(3.7¢) NA'M™'U, =V, B],

where ﬁkt is the first k x k part of By, by discarding g, +1.

Step 2. Compute the projected Newton direction. At the kth iteration, we update
x), € span{V} and A\, from the previous ones. For any x € span{V} of the form
x =V, y with y € R¥, define the projected gradient of L(x, \) as

(3.8) F®) (y,\) = (V'I 1) F(z,\)

and the projected Jacobian of F'(x,\) as

(3.9) J(’“)(y,)\):(vz 1>J(:c,>\) (V’“ 1).

Remark 2. Since gen-GKB must terminate at the k;th iteration and V', eventually
expands to be Vi, we need to discuss the two different cases that k <k; and k > k;.
For notational simplicity, in the rest part of the paper, we use V;, and By, by default
unless stated otherwise to denote

Vi, k<k, By, k<k, Viyg, k<ki,
Vk = B T =
Vk'm k>kta Bkg) k>kta thykv k>kt7

=

where y € R¥ for k < k; and y € R** for k > k;. Moreover, for the case 34,1 =0, the
relations (3.5) are replaced by (3.7) and By, is replaced by By, . In the subsequent

discussions, we employ the unified notations as presented in (3.5), but the readers can
readily differentiate between the two cases.

Notice that y is uniquely determined by @ = V', y since Vi, has full-column rank.
Thus, F*)(y,\) and J® (y,)\) are well-defined. The next result shows how we can
obtain F*)(y, X) and J*) (y,\) from B, without any additional computations.
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LEMMA 3.2. For any x € span{ V' } with the form x =V .y, the projected gradient
of L(x,\) has the expression

AB, (Bry — Brer) + y)

1 ™
§HBky — Brerl3 — 5

and the projected Jacobian of F(x,\) has the expression

AB.B,+I  B](B,y—fie)
3.11 JE) (g, ) _< kk k Ak 151
(3.11) ) (Bry — Bie1) ' By, 0

Now we can compute the projected Newton direction for updating the solution.
Starting from an initial solution (&g, \g), consider the following two cases.

Case 1. Update (xg, A\g) from (xx—1, \k—1) for k < k;. Suppose at the (k — 1)th
iteration, we have ®;_1 = V_1y;_;, where @y :=0 and y, := () is an empty vector.
Let 9, = (y)_,,0)" € RF. If J®) (g, _;,\¢—1) is nonsingular, we compute the
Newton direction for the projected function F*)(y, \) at (9,1, \e_1):

(3.10) FR (y )= (

A _ _ _
(3.12a) (AK:) =—J® (g, M) TTFP gy, M),

Then we update (g, A\x) by
(3.12b) Yo =Ypo1 TVAY g, Ak = N1 + WA,

with a suitably chosen step-length v, >0, and let & = Vi y,,.
Case 2. Update (xy,A) from (€p—_1, \k—1) for k> ks. At each iteration, we seek
a solution of the form x = V,y,, with y, € R**. We compute the Newton direction

A _
(3.12¢) (A?S\IZ) = —J(k‘)(ykﬂ,)\kq) 1F(kt)(yk»/\k71)7
and then compute
(3.12d) Y =Yp—1 T WwAYE, Ak =Ae—1 + AN

to get T =V, vy,

For both of the two cases, we call (Ay,,AX;) the projected Newton direction,
since it is the Newton direction of a projected problem. The corresponding update
formula for xy, is

Ty =Tp_1 + Az, Az =V Ay,

which is easy to be verified. For notational simplicity, in the subsequent part we
always use the unified notation

T T <
(313) — {(ykla O) ) k_kt7

for y,,_,. Following the notations stated in Remark 2 and (3.13), we can use (3.12a)
and (3.12b) to describe the update procedure for both of the two cases.

It is vital to make sure that the projected Jacobian matrix J*) (g, _;,A\x_1) is
always nonsingular. This desired property is given in the following result. The proof
appears as a part of the proof of Lemma 4.6.
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PROPOSITION 3.3. If we choose g = 0 and y, = 0, then at each iteration
T (g1, Au_1) is nonsingular as long as A\g_1 > 0.

In order to investigate the convergence behavior of the method, define the follow-
ing merit function:

(3.14)

1

2
INATM Y (Az — b) + N~ 'z|% + (;HA:E —b|2, . — Tm) ] .

Notice from Corollary 2.3 that (x*,\*) is the unique minimizer of h(x,\) and that
h(z*,A\*) = 0. The following result shows that (Ax,,A)\;)T is indeed a descent
direction for h(x, A).

THEOREM 3.4. Let Az =V Ay,. Then it holds that

A
(315) Vh(wkfl,)\kfl)—r <A§:) = —2h(wk,1,)\k,1) < 0.

Theorem 3.4 is a desired property for a gradient descent type algorithm. At
the (k — 1)-th iteration, if h(@xk_1,Ax—1) = 0, then we have (xp_1, p—1) = (*, \*),
meaning we have obtained the unique solution to (2.2). Otherwise, (Ax; ,AN;) T is
a descent direction of h(x,\) at (xx—1,Ak—1), thereby we can continue updating the
solution by a backtracking line search strategy.

Step 3. Determine step-length by backtracking line search. For the case that
h(xg—1, \t—1) # 0, we need to determine a step-length -y, such that h(xy, A;) decreases
strictly. To this end, we use the backtracking line search procedure to ensure that the
Armijo condition [41, sect. 3.1] is satisfied:

(3.16) h(@h, Ae) < h(@p—1, Ae—1) + e (Az_ 1, ANg) VA(Tr-1, Ar—1),

where (@, Ag) = (Tr—1, \p—1) + Ve(Azp, AXg), and ¢ € (0,1) is a fixed constant. At
each iteration, we can quickly compute h(xy, A;) based on the following result.

LEMMA 3.5. Let

(€51
7T —
_ AB, (Bry — Bie1) + _ B2 a2
Fogoy = (1o B mielty) g .
§||Bky*5161||2*7

Br+1  Qpt1

Then we have
1 _ 1, - _
(317)  h(@p—1, A1) = §||F(k)(yk717>‘k71)”§7 h(zk, A\k) = §||F(k)(yk7>‘k)”§'

We remark thatiin the above expression we have Bj = By, for k > k;, and
specifically, we have B = B, ; if Br,+1 = 0. The following theorem shows the existence
of a suitable step-length; see, e.g. [4, p. 121, Theorem 2.1] for details.

THEOREM 3.6. For any continuously differentiable function f(s):R! — R, sup-
pose V f is Lipschitz continuous with constant ((s) at s. If p is a descent direction
at s, i.e., Vf(s)Tp <0, then for a fized c € (0,1) the Armijo condition f(s +vyp) <

f(8) +cyVf(s) p is satisfied for all v € [0, Ymax) With Ymax = %

With the aid of Lemma 3.5, a suitable step-length ; can be determined using
the following backtracking line search strategy.
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ROUTINE 1. Armijo backtracking line search:
1. Given yini >0, let ’y(o) =Yinit and [ =0.
2. Until 3| FP (g, \)l3 < (3 = evO) IF® (g1, Me—1) 13
(i) set v+ =nyD  where n € (0,1) is a fived constant;
(il) 1+ 1+ 1.
3. Set v =~W.

We set ¢ =10"%, ~init = 1.0, and 1 =10.9 by default. Note that at each iteration we
need to ensure Ay > 0. Suppose at the (k — 1)th iteration we already have Ag_; > 0.
Then at the kth iteration, if AA; <0, we need only enforce Yinit < —Ap—1/ANk.

Overall, the whole procedure of PNT is presented in Algorithm 3.2. In the PNT
algorithm, at each kth iteration, computing the projected Newton direction requires
solving only the (k + 1)-order linear system (3.12a), which can be done very quickly
when k < n. Starting from the termination step k;, at each subsequent iteration,
a (k: + 1)-order linear system (3.12c) needs to be solved. We numerically find that
the algorithm almost always obtains a satisfied solution before gen-GKB terminates.
The PNT method is a natural generalization of the projected Newton method in [13].
Specifically, when M = I and IN = I, it can be confirmed that both methods are
identical.

We remark that for very large-scale problems, it may take too many iterations
for PNT to converge. In this case, we can update the solution starting from the kgth
step of gen-GKB to save some computation for solving (3.12a). This means that we
first run ko — 1 steps gen-GKB to construct a (kg — 1)-dimensional subspace and then
start to update the solution from the kgth iteration. From the derivation of PNT, it
can be easily verified that if we set g, _; =0 € R*, then (Az],A\;)" is a descent
direction of h(x, \) at each iteration k > kg. We refer to this modified PNT method
as PNT-md.

Algorithm 3.2. Projected Newton method (PNT) for (2.2) and (2.3).
Input: AeR™*" beR™, M e R™*™ N eR"*" r2>1
1: Initialization: Ao >0, g, =0; c=10"%, =0.9; tol > 0
2: Compute 51, a1, uy, v by Algorithm 3.1
3: for k=1,2,...do
4: Compute Bgt1, k41, Uk+1, Vi+1 by Algorithm 3.1; Form Bjyiq and Vi,
5: (Terminate gen-GKB if Sr11 or ag1 is extremely small)
6: Compute F¥) (g, 1, A\p_1) and J*) (g, _;, \x_1) by (3.10) and (3.11)
7.
8

Compute (Ay,, A)g) by (3.12a)
. if AA, >0 then
9: Yinit = 1

10: else
11: Vinit = min{l, —pAp_1/AN;} > Ensure the positivity of Ag
12: end if

13: Determine the step-length ~; by Routine 1
14: Update (yj, Ax) by (3.12b)
15:  if L|F®) (g, Ap)||2 < tol then

16: Compute x = Vy,; Stop iteration
17: end if
18: end for

Output: Final solution (xzj,A;)

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/03/25 to 128.250.0.36 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

PROJECTED NEWTON METHOD 1451

From the derivations, we find that the success of PNT is attributed to the fact
that M and IN can induce inner products. Therefore, the PNT method cannot be
directly used to handle the total variation (TV) or ¢; regularization terms. One pos-
sible approach for handling TV or ¢; norms is to approximate them with weighted ¢
norms at each iterated point [50, 51]. Furthermore, for the nonlinear inverse prob-
lem b = G(x) + € with differentiable G, at each iterated point we can approximate
|G(x) —b||3,-: by a quadratic convex function using the first-order Taylor expansion
of G. The above approaches follow a similar idea to the sequential quadratically con-
strained quadratic programming (SQCQP) method [16, 38]. This allows us to obtain
a sequence of optimization problems similar to (2.2), which can be solved efficiently by
PNT. Theoretical and computational aspects of this approach will be further studied
in the future.

3.2. Proofs. We gave the proofs of all the results in subsection 3.1. Remember
again that we always follow the notations as stated in Remark 2 and (3.13).

Proof of Lemma 3.2. By (3.8) and (3.9) we have
MAV ) TM Y AV,y—b)+ VI N 'V,y
F®(y, ) = :

1 9 ™m
§||Aka - b||M—1 Ty

and
J(k)(y /\): )\(AVk)TMfl(AVk)JrV;—N*le (AVk)TMfl(Akafb)
’ (AV,y —b)T M 1(AV}) 0 '

Using relations (3.5) and Proposition 3.1, we have AV y — b = Upy1(By — Sre1),
leading to

(AV) "M YAV y —b) = (U 1Bi) "M U1 (B), — Brer) = B] (B, — Bier),
and
AV iy = |31 = |Uss1(Br — Brer) 31 = |1Bi — Brealls-

If Bi,+1 =0, then for k > k¢, the relation AV y —b=Ujy41(Bg — f1e1) is replaced
by AV, y—b=Uy, (B, — Bie1). Therefore, the above identity is also applied to
the case k > k;. Now we have proved (3.10). The expression (3.11) can be proved
similarly. 0

In order to prove Lemma 3.5, we first give the following result.
LEMMA 3.7. Let N = (N |). Then we have the following identity:
(3.18) 1F (@1, Ae-D)ll 5 = 1F® (@1, Ae1) -
Proof. First, notice that
|F (@1, A1) 1% = A1 AT M ™ Az 1 = b) + N~z
2
4 <;||Awk1 —blf3, - ?) .
For the first term of the above summation, we have
INe—1t ATM Az —b)+ N 'z ||
=M1 ATM YAz —b)+ N 'z, )TNt ATM (A, — b)
+ N7'ayq),
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and

N1 ATM YAz 1 —b)+ N 'a )
=N NATM U (Big—y — Bren) + Vit
= )\k:fl(Vch;r + ak+1vk+1€;—+1)(3k'yk71 —fie1) + Vg,
=V (M1 By (Bi¥j_q — Brer) + Pp_1)s

where we have used
1Vt 16441 (Brelp_1 — Bre1) = apr1 Brr1Vrsreq Yp_q =0,
because e{gk_l =0 for k <k; and ag418k+1 =0 for k > k. Similarly, we have
M1 ATM Az —b) + N 'z = N7'Wi( M1 B (Bilg_y — Brer) + Y1)
We also have

M1 ATM T (Azg—1 —b) + N 'z || N = [ Me—1 B (Bi¥y_1 — Bier) + Yy |2

and
plA@is = bl = =S Bugi s - prealld - T
2 2 2 ’ 2
The desired result immediately follows by using (3.10). 0

Proof of Lemma 3.5. First, notice that h(z,\) = %HF(QE,)\)H?v Combining the
above relation with Lemma 3.7 we obtain the first identity of (3.17). Also, for k < k;
we have h(xg, \i) = || FFHD (g, \r)||3 with

-2
ABEH(BkH’Qk — fie1) + yk)

FE D (g ={ 1
@M= LB - sl -

Since the last element of 8i1e; and ¥y, is zero, it is easy to verify that
_ By, — Bie _ e
By11Yy, — Brer = ( kyko b 1) . B 1(Bii19y, — Bie1) = By, (Biyy, — Bier).

For k > k;, we have F®) (y,\) = FE+D (y \) = F®) (y, \). Therefore, we prove the
second identity of (3.17). d

In order to prove Theorem 3.4, we need Lemma 3.7 and the following result.

LEMMA 3.8. For any k > 1, we have the following identity:

2 = _ _
< ' 1> J (@1, A1) NF(@h-1, Me-1) = T (G-, A1) FP (g1, M)
Proof. First, notice from (2.8) that

T —~
(V’~c 1) J(xp—1,\e—1)IN

(1 (AVY)TMTPAN + V] (AV)TM Az, — b)
"\ (Azp_1—-b)TM AN 0 ‘
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Using (3.5¢) and similar derivations to the proof of Lemma 3.7, we get

(Azp_1 —b) "M AN = (Byy,_, — fie1) ' U M AN

= (Big_1 —Bre1)  (BiVy +aupienivig)
(3.19) = (By¥j_1 — Bie1) ' Bi V.
Also, we can get
(AV)TM'AN = (Uj+1B;) "M 'AN = B/ (B, V| + ap+1€k410141)
=B} B,V + a1 Bri1ervi1,

and

(AV))TM " (Azj_1 —b) = (BpUjt1) M 7'Upi1(Bryy_y — Prer)

= B} (Biyy,_1 — frer).

Using (3.11), we get

T —~
<Vk 1) J(xp—1,\e—1)IN

[ (w BBy +TI)V—;Cr B[ (BLy)_1 — brer) N (ak+1ﬂk+1€k+1”11+1 )
(Bryy_1 — Prer) B,V 0 0

T T
=J" (g1, Ae—1) (Vk 1) + (akHﬁk“ekka 0) .

Using similar derivations to the proof of Lemma 3.7, we get
-1 Tag—1

sllAz,_y = bl — T

- (N_l ) (Vk > (Ak—lBkT(Bkyk—l _B161)+yk—1)
1 1 31 Bryy,_1 — Brealls —

()

Using the relations

e )0 )
(e () ()

we finally obtain the desired result. 0

Proof of Theorem 3.4. Notice J(z, A) is the Jacobian of F'(z,\). Using h(z,\) =
%HF(%)\)H% we get Vh(z, ) = J(x, \)NF(z, \), leading to

.
A A v —
Vh(@—1,Ae-1) " ( Af}’:) = ( Aﬁ:) ( K 1) T (@1, Mot ) N F (251, A1)

.
A _ _
- (AZ)\I:) J(k)(yk—lv)‘k—l)F(k) (Yr—1>Ak—1)

= —[|F® (Gg_1, Ae-1) 113 = ~ | F (@1, Ae—1) |15
= 72]1(:13]6—17 )\k—l) S O,

where we have used Lemmas 3.7 and 3.8. 0
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4. Convergence analysis. The objective of this section is to prove the conver-
gence of PNT, which is stated in the following result and Corollary 4.8.

THEOREM 4.1. Suppose the PNT algorithm is initialized with y, = 0, g = 0,
and Ao > 0. Then we either have

(4.1) h(a:k,/\k) =0
for some k < oo, or have
k—o0

Notice that (x*, \*) is the unique minimizer of h(x, \) and h(xz*,A*) =0. There-
fore, (4.1) implies that the algorithm finds the exact solution to (2.2) and (2.3) at
the kth iteration. In the following part, we prove (4.2) under the assumption that
h(xk, A\;) >0 for any k> 1. We need a series of lemmas, which are Lemmas 4.2-4.7.
All of these lemmas follow the same assumption of Theorem 4.1.

LEMMA 4.2. For any matriz C € R™*™ with full column rank and d € R™, if the
vector sequence {wy} € R™ satisfies limy_, ||CT (Cwi—d)||2 =0, then limg_,oo wi =
w* :=argmin,, cz. [|[Cw — d|2.

Proof. First, notice that w* is well-defined, since argmin g~ ||Cw — d||2 has a
unique solution for the full column rank matrix C. For any wy, let wi = w* + wy.
Then we have

lim |CT(Cwy —d)|2= lim ||CT(Cw* —d)+ C ' Ciwyllz= lim |CT Ciwyll2 =0,
k—o0 k—o0 k—o0

since C'T (Cw* —d) = 0. Now we have ||wg |2 — 0 since C'" C is positive definite and
all norms of R™ are equivalent. Therefore, we have |Jwy —w*|2 — 0 or the equivalent
form limy_, oo wy = w*. 0

LEMMA 4.3. If the unique solution to mingcgs, |[Br,y — Bieill2 s Yp,, then
Tmin = Vi, Ymin 1S the unique solution to

(4.3) min ||x||n-1 s.t.  ||Axz —b|pr-1 = min.
meRW

Proof. Tt is easy to verify that both minycgs, [|[Bg,y — S1e1]]2 and (4.3) have a
unique solution. A vector x is the unique solution to (4.3) if and only if

ATM YAz —b)=0, x1ly-1N(A),

where | n—1 means the orthogonality relation under the N~ *-inner product. Now we
verify the above two conditions for @,;,. For the first condition, using the relations
Axmin=AV i, Yin = Uk, +1 Bk, Yin and (3.5¢), we get

ATM N (Azpin —b) = AT M U, 11(Br Yo — Br161)
= N_l(thB;crt + O‘ktﬂvktﬂeaﬂ) (Bktymin - 5161)
= N_l[thBl—crt (Bktymin - 5161) + akﬂrlﬁkﬂrlvkﬂrle;tymin]
= 07
since B; (BiyYmin — B1€1) = 0 and ag,+18k,+1 = 0. For the second condition, by
Proposition 3.1 we have
Tmin € span{Vy, } =span{(NA M A NAT M b} *
CR(NAT)=NN(A)*.
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Write min = IN Zmin With Zmin € N (A)L. For any w € N(A), we have
<mmin7'w>N*1 = <N-'imin7w>N*1 = <-’imin; w>2 =0.
Therefore, it holds that @, Ly-1 N(A). O
LEMMA 4.4. There exist a positive constant Cy such that for any k> 1,
(4.4) IATM ™ (Azy—1 = b)|| v = | B (BiF— — Brer) 2 = C1 > 0.
Proof. First, we get from (3.19) the first identity:
|AT M~ (Azi—r - b)| %
—(Azy  —b) M 'ANN"' ((Am,_ —b) M 'AN)'
_ T _ _
= (Bryp_1 — Pre1) B, V,N'V.B/ (Bryy_1 — Pre1)
= |B; (Bkij—1 — Bien) |13.
Then, we prove

(4.5) |Axy 1 —b|lpr—1 = [|Bryp_y — Bie1ll2 > VTm

by mathematical induction. For k = 1, we have ||Axo — b||pr-1 = ||bllas—1 > V/Tm
since ¢y = 0. Suppose ||Axr_1 — b||pr-1 > /7m for k > 1. We have
1Ak = bll3g 1 = | AV i@y + 9 Ayy) = b3y
=|[|Azy_1 — bl3,—1 + 12| AVEAY, 31 + 276 (Az— —b) T M AV Ay,
= Bigi1 = Brel3 + 2N AV Ayl + 20 (Briy s — frer) ' BrAy,

since

(Azj_1 —b)TM AV, = (Byy,_, — frer) UL ;M U1 By,
= (BiYj_, — fre1) ' Bi.

Writing J(*) (yk_l,Ak_l)(ﬁg’:) = —F®)(g,_1, \r_1) in the matrix form and using

|IBrys_1 — Bieilla > v/7m, we get from the second equality of the above equation
that (Bryy_; — fre1) BrAy = —%(||Bk17k_1 — Bre1|3 — 7m) < 0. Since v, < 1, we
get
||Awk - bH?\/[71
> |Bigy 1 — Breall3 + i AV Ay, I3+ — (IBidg—y — Brealls — 7m)
=1m+ R AV Ay, 31 = Tm.
Therefore, we prove (4.5).

To obtain the lower bound in (4.4), we investigate two cases: k < k; and k > k;.
Case 1. k < k;. For this case, we have

B, (Bi¥y—1 — Bre1) ll2 > owmin(B) | BrYy—1 — Breill2 > omin(By,)VTm >0,

where omin(+) is the smallest singular value of a matrix, and B k, 1s the first k; x ky
part of By, .
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Case 2. k> k;. For this case, we can write ;_; as €x—1 = V', Y,_;. Remember
that y,_, = ys_q if & > k;. We first prove ||B;(B,ﬂyk_1 — fre1)|l2 # 0. If it is
not true, then y,_; = argmin, || B,y — fie1]l2. By Lemma 4.3, @), is the solu-
tion to (4.3). Thus, it must hold that ||[Azg_1 — b||pr—1 < +/7m by Assumption 1,
which contradicts (4.5). Now suppose the lower bound in (4.4) is not true. Then
there exists a subsequence {y,,_,} with k; > k; such that lim;_, ||B£t (BrkoYp, -1 —
Bre1)|l2 =0. By Lemma 4.2, we have lim;_, o Yk;—1 = Ymin = aTgming 1Br,y—p1e1l2,
leading to lim; oo Tk, 1 = limg; 00 th@kj—l = Vi, Ymin- It follows from Lemma
4.3 that Vi, Yin = Tmin, which is the solution to (4.3). Therefore, it must hold
thatlim; oo [|[AZk; 1 — bllag-1 = [|[AZmin — bllpr-1 < v/7m by Assumption 1, which
contradicts (4.5). Summarizing both of the two cases, the desired result is proved. O

LEMMA 4.5. The points {(xg, i) }52, generated by the PNT algorithm lie in a
bounded set of R™ x RT.

Proof. First, notice that h(xg,Ao) > h(x1,A1) > ---. We need only prove
{(k, M) }>k, is bounded above. In this case, notice that &, = V', y,, and

2
1 _ _ 1 ™
h(zxy, A\r) = B IANATM ™ (Azp — b) + N 'y |3+ (2|Bktyk—ﬁ1e1§_2> 1 .

If the points do not lie in a bounded set, there exists a subsequence {(xx,, )}
with k; > k¢ such that (@k;, Ak,) = 0o. If ||l@k,[l2 — oo, then [[y, [[2 — oo, since
xy; = Vi,yYy, and Vi, has full column rank. This leads to || By, Yy, [|2 — oo since By,
has full column rank. It follows that the second term of h(xy,, Ax;) tends to infinity
and h(xy;, A\x;) — 00, a contradiction. Therefore, it must hold that ||z, ||2 is bounded
above and A; — co. By Lemma 4.4, we have ||AijTM_1(Awk, —b)||n > A, C1.
Notice that {IN ", } lie in a bounded set. It follows that [[A\y, A" M ™' (Azy, —b)+
N ™'z, || v — 00 and h(zk;, Ak, ) — 00, also a contradiction. 0
LEMMA 4.6. There exist a positive constant Co < +00 such that for any k> 1,
(4.6) 175 @1, A=) 2 < Co

Proof. First, we prove that J*) (Y_1,Ak—1) is always nonsingular. Write it as
y Mot B, Bi+ 1 Bl(Biyy 1 —fe))_, (Cr d
J(k) 1y Ak—1) = ( ]i 15k, 2k k ke k—1 1€1 —.
(yk 15 \k 1) (Bkyk;—l _ﬁlel)TBk 0 d;— 0

and notice that

C, di\ _( I 0\ '[Cy 0 I —Cildy)
di 0) \-d,Cc;' 1 0 —d,Cc;'d)\o 1 '

It follows that

(4.7) Cp di\" _(I —C;'d) (G 0 I 0
' d, 0 —\o 1 0 —(dicldy) ) \~dic;t 1)’

Since C, is positive definite and ||dy||2 > C1 > 0.

To give an upper bound on ||J®) (g, _;,A\x_1)" |2, we need only consider k > k;,
where Bk = Bkt in J(k)("l._/kfl,)\kfl). Since Umin(Ck) = O'min()\kle;grtBkt + I) Z 1,
we have ||C} |2 < 1. By Lemma 4.5, there exist a positive constant C3 < +oo such
that A\ < Cjs, thereby

Umax(ck) < Umax()\k—lBgtBkt) + Umax(I) < C3Umax(B;tBkt) +1=:Cs.
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By Lemma 4.4 we have ||d|2 = HBth (B, Yp_1—51€1)]l2 = Cy. On the other hand, by
Lemma 4.5 we know that ||€x—1||2 = ||V k,Yi_1ll2 is bounded above, thereby ||y, _1]|2

is bounded above since Vi, has full column rank. Thus, there exists a positive
constant Cy such that ||dg||2 < C1, leading to

1C dill2 < IC3  l2lldill2 < Cromin(Cr) ™ < Ch,
and

d;; C;. di. 2 00in (C;) i3 = 0max (Cr) " dill3 = CF /T > 0.

0 —C;l'dy\' (0 —C;ld;
, N0 0 0 0

- H<O ||c,:1dk||%) 2
A )]G )

' 0 <max{1,C3/C}?}
0 —(diCylde)™t)||,~ ’ L

Therefore, we have

IG <l

2

<Ct

and

<1+0C;.
2

6 )

Similarly, we have

Using the expression of J*)(g,_;,A\x_1) in (4.7), we finally obtain the desired
result. a

LEMMA 4.7. There exists a positive constant Cy such that for any k> 1,
(4.8) Vi > Cy > 0.

Proof. By Theorems 3.6 and 3.4, at each iteration the Armijo backtracking line
search must terminate in finite steps with a 4 satisfying

4(1 —C)nh(wkfl,/\kfl) }
C(@e-1, A1) (A, AN) 3

where ((xr—1,\,—1) is the Lipschitz constant of Vh at (xr_1,Ax—1); see also [4,
p. 122, Corollary 2.1]. Now we prove ((x—1, x—1) are bounded above. Notice that
Vh(z,\) = J(z,\)NF(x,)\). Thus, all the elements in the Jacobian of Vh(z,)\) are
polynomials of (x,\) with degrees not bigger than 4. Since {(xr—1,At—1)} lie in a
bounded set, the norms of the Jacobians of Vh(x, \) at the points {(xr_1,\x—1)} are
bounded above. Therefore, the Lipschitz constants ¢(xx—1, Ax—1) are bounded above.

Let ¢(xp—1, \e—1) < (o with 0 < {p < 400 for any k > 1. Then by Lemmas 4.6

and 3.7, we have
A:I}k < Vk Ayk
A)\k 9 - 1 9 A/\k 9
<V 2+ DITE @y, Ae—1) 2 F® (Gr—y, Ae—1) |2
<Co(|[Vk,ll2 + D) (20 @p—1, Ae—1)) /2.

Vi 2> min{l,
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Then we obtain

) 4(1 —e)nh(xr—_1, 1) } ) { 2(1—¢)n }
>minq 1, >minq 1, =:CYy.
"= { Coll (AT, AX) TI3 GCE IV k,ll2 +1)? !

The desired result is obtained. 0

Proof of Theorem 4.1. By Lemma 4.5, the sequence {(xx, Ax)}72 ; is contained in
a bounded set, thereby there exists a convergent subsequence {(xk;, A;)}52;. Sup-
pose (Tk,;, Ak;) — (@, ). It follows that h(zy,, Ar,;) — h(:?:,:\\) since h(zx, \) is continu-
ous. Note that h(xy;, Ax;) is nonincreasing, thereby h(@,\) < h(zxy,, A,) for any k;.
Thus, for any € > 0, there exist a k, € N such that h(xg;, \g;) < h(ﬁ,X) +e, kj >k,
Select one k; that satisfies k; > k,. For any k > kj;, we have h(xg, A\x) < h(g,, Ax;) <
h(Z, \) + &, which means that limg_,oo (2, Ax) = h(Z, \). The Armijo condition and
Theorem 3.4 lead to h(xki1, Ap+1) — h(@r, i) < ek (Amz,A)\k) Vh(xg, i) < 0.
Taking the limit on both sides leads to limg oo CVk (A:ckT, A)\k) Vh(zg,\) =0. By
Lemma 4.7 we get limg_ o (A:BE,A)\;C) Vh(xk, A\r) = 0. Noticing by Theorem 3.4
that —2h(zy, \p) = (Az], AN) VA(2g, Ag), we get h(@, ) = limy, o0 h(2), \g) = 0.
This proves the desired result. 0

Now we can give the convergence result of (zg, Ag).

COROLLARY 4.8. The sequence {(x, \x) 7>, generated by the PNT algorithm
eventually converges to (x*,\*), i.e., the solution of (2.2) and the corresponding La-
grange multiplier.

_Proof. Using the same notations as the proof of Theorem 4.1, we obtain that
(®,\) = (x*,\*), since h(x,\) has the unique zero point (x*,A*). Therefore, the
subsequence {(z,, Ax;)}32; defined in the proof of Theorem 4.1 converges to (z*,\*).
Now we need to prove the whole sequence {(x, A)} 5, converges to (z*, \*). Assume
that there is a subsequence {(z;, \i;)}52; that does not converge to (z*, \*). We can
select a subsequence from {(zi;, \i;)}52; that converges to a point (z,\) # (z*,\*).
Since h(zi,,\i;) is nonincreasing with respect to j, using the same procedure as the
proof of Theorem 4.1, we can obtain again that h(&, ) = 0, leading to (&, \) = (x*, \*),
a contradiction. Therefore, any subsequence of {(xx, A\x)}7>, converges to (x*, \*),
thereby {(zr, A\x)}72, converges to (x*,\*). O

5. Experimental results. We test the PNT method and compare it with the
standard Newton method, which refers to the method in [31] but (2.9) is solved using
direct matrix inversions. These two methods use the same initialization and back-
tracking line search strategy. The setting of hyperparameters follows Algorithm 3.2,
and we set 7 = 1.001 and Ay = 0.1 in all the experiments. We also implement the
generalized hybrid iterative method proposed in [12] (denoted by genHyb), which
is also based on gen-GKB. The genHyb iteratively computes approximations to fiopt
and @opr = T(Wopt), Where piop is the optimal Tikhonov regularization parameter,
that is fopr = ming, o [|€ (@) — Tiruel|2; the kth approximate Lagrangian multiplier is
M = 1/pg. All the experiments are performed on MATLAB R2023b. The codes are
available at https://github.com/Machealb/InverProb_IterSolver.

All the inverse problems in the experiments are ill-posed and satisfy Assumption
1. We use three types of ill-posed inverse problems to test the proposed method. The
characteristics of these problems are summarized in Table 1.

5.1. Small-scale problems. We choose two small-scale one-dimensional (1D)
inverse problems from [24]. The first problem is heat, an inverse heat equation
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TABLE 1
Properties of the inverse problems in the experiments.

Problem mxn Ill-posedness Description
heat 2000 x 2000 moderate inverse heat equation
shaw 3000 x 3000 severe 1D image restoration
PRblurshake 1282 x 1282 mild 2D image deblurring
PRblurspeckle 1282 x 1282 mild 2D image deblurring
PRspherical 23168 x 1282 mild computed tomography

Fia. 1. True solution and noisy observed data. The first two: heat. The last two: shaw.

described by the Volterra integral equation of the first kind on [0,1]. The second
problem is shaw, a 1D image restoration model described by the Fredholm integral
equation of the first kind on [—7/2,7/2]. We use the code in [24] to discretize the
two problems to generate A, ®iye and biye = ATirye, where m = n = 2000 and
m = n = 3000 for heat and shaw, respectively. We set the noisy observation vector
b as b = by, + €, where € is a Gaussian noise. For heat, we set € as a white noise
(i.e., M is a scalar matrix) with noise level ¢ := ||€||a/||bruell2 = 5 x 1072; for shaw,
we set € as a uncorrelated nonwhite noise (i.e., M is a diagonal matrix) with noise
level € =1072. The true solutions and noisy observed data for these two problems are
shown in Figure 1.

For heat, we assume a Gaussian prior  ~ N(0,2 "t N) with N coming from
the Gaussian kernel kg, ie., the ij element of N is [N];; = Kq(rij), Ka(r) ==
exp (—r%/(21?)), where r;; = ||p; — p;llz and {p;}}_, are discretized points of the
domain of the true solution; the parameter [ is set as [ =0.1. For shaw, we construct
N using the exponential kernel K., (r) :=exp (—(r/1)"), where the parameters [ and
v are set as [ = 0.1 and v = 1. We set 7 = 1.001 for both the two problems. We
factorize M~! and N~! to form (1.3) and solve it directly to find pop: and op;
the corresponding Lagrangian multiplier is Aopr = 1/popt. We also compute the p of
(2.1) and the corresponding regularized solution, which is denoted by upp and xpp,
respectively. Therefore, the solution to (2.2) and (2.3) is (*,\*) = (zpp,1/1ppP).
We use the optimal Tikhonov solution and the DP solution as the baseline for the
subsequent tests.

For these two small-scale problems, we also implement the projected Newton
method in [13] based on the transformation (1.3) as a comparison. This means that
we solve

Iin {||(Ly ALN)Z — Lsbl3 + w3},

using the method in [13] and then compute the regularized solution x) = L;,lcik.
This Cholesky factorization based method is abbreviated as Ch-PNT.

We compare the convergence behaviors of PNT, Ch-PNT, Newton, and genHyb
methods by plotting the relative error curve of &y with respect to @t,e and the conver-
gence curves of A\, and merit functions. The solutions (xpp,1/upp) and (Tept, 1/ topt)
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F1G. 2. Relative errors of iterative solutions, convergence of A\, and convergence of merit func-
tions. Top: heat. Bottom: shaw.

are used as baselines. From Figure 2 we find that both PNT and Newton methods
converge very fast to xpp and App :=1/upp with very few iterations, and PNT con-
verges only slightly slower than Newton. We also find that the convergence behaviors
of PNT and Ch-PNT are almost identical. This is not surprising, as both methods
utilize the same subspaces for projecting the large-scale system and employ the same
hyperparameters and update procedures. For heat, the error of the DP solution is
slightly higher than the optimal Tikhonov solution, because DP slightly underesti-
mates A. The merit functions of both PNT and Newton decrease monotonically, and
h(zxk, i) of PNT eventually decreases to an extremely small value for the two prob-
lems. We remark that we set w =1 for h, (2, ) in all the tests. For Newton method
for heat, we stop the iterate at k = 34 because the step-length ~j is too small. In
comparison, genHyb converges much slower than the previous two methods, especially
for heat.

Figure 3 plots the recovered solutions computed by PNT and genHyb methods at
the final iterations; the solution by Newton is almost the same as that by PNT, thereby
we omit it. We also plot the optimal Tikhonov regularized solution as a comparison,
where the DP solution is very similar and omitted. Both PNT and genHyb can recover
good regularized solutions, and PNT is slightly better for heat.

To further demonstrate the performance of PNT, we present the variation of
the condition number of J*) (g, _;,A\x_1) during the iteration of PNT in Figure 4.
This condition number is denoted by x(J®*)) in the two pictures. We observe that
the condition number does not increase significantly during the iteration. This ensures
that the small-scale linear system (3.12a) can be solved directly via matrix inversions
without any issues.

To show the advantage of the computational efficiency of PNT over Ch-PNT and
Newton, we gradually increase the scale of the test problems and measure the running
time of the three methods, where all of them stop at the first iteration such that
||| Az), — b]|%,_. — 7m| <1078 The time data are listed in Table 2. We also compute
the ratio of the running time, i.e., the value of Ch-PNT-time/PNT-time and Newton-
time/PNT-time. For shaw, we find that all three methods stop with similar iteration
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Fic. 3. Comparison of reconstructed solutions at the final iterations with the optimal Tikhonov
reqularized solution. Top: heat. Bottom: shaw.
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lteration

10 15 20
Iteration

25 30

Fic. 4. Variation of the condition number of J(k)(Qk,l,)\k,l) during the iteration of PNT.
Left: heat. Right: shaw.

TABLE 2

Running time (measured in seconds) of PNT, Ch-PNT, and Newton methods as the scale of the
problems increasing from n = 1000 to n = 5000. Both of the two methods stop at the first k (in

parentheses) such that ||| Az — b||

2
M-—1

—Ttm| <1078,

The ratio of the running time between PNT

and Ch-PNT is denoted as ratio-1, while the ratio of the running time between PNT and Newton is
denoted as ratio-2.

n 1000 2000 3000 4000 5000
heat
PNT 0.021(18) 0.114(21) 0.164 (19) 0.347 (19) 0.492 (19)
Ch-PNT 0.032 (18) 0.280 (21) 0.375 (19) 0.764 (19) 1.314 (19)
Newton 0.249 (10) 2.568 (11) 6.062 (10) 13.914 (10) 26.127 (11)
ratio-1 1.5 2.5 2.3 2.2 2.7
ratio-2 11.9 22.5 37.0 40.1 53.1
shaw
PNT 0.014 (17) 0.051 (16) 0.158 (17) 0.293 (18) 0.479 (19)
Ch-PNT 0.051 (17) 0.170 (16) 0.438 (19) 0.873 (18) 1.819 (19)
Newton 0.455 (16) 3.675 (15) 8.904 (14) 26.835 (16) 52.768 (16)
ratio-1 3.6 3.3 2.8 3.0 3.8
ratio-2 32.5 72.1 56.4 91.6 110.2
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Fic. 5. Comparison of scalability of PNT, Ch-PNT, and Newton methods as the scale of the
problems increasing from n = 1000 to n = 5000. Left: heat. Right: shaw.

numbers, and the computational speed of PNT is much faster than Newton, with the
speedup ratio varying from 41 to 157. For heat, we find that Newton stops with only
about half iteration numbers of PNT’s. However, the total running time of PNT is
still much smaller than Newton’s, with the speedup ratio varying from 8 to 43. To
compare the scalability of PNT, Ch-PNT and Newton more clearly, we use the data in
Table 2 to plot the curve of time growth with respect to n in Figure 5. Clearly, PNT
saves much more time compared to Newton while obtaining solutions with the same
accuracy. Although the advantage of PNT over Ch-PNT is not significant for small-
scale problems, Ch-PNT is not feasible for large-scale problems due to the prohibitive
cost of Cholesky factorization.

5.2. Large-scale problems. We choose three two-dimensional (2D) image de-
blurring and computed tomography inverse problems from [18]. The first problem is
PRblurshake, which simulates a spatially invariant motion blur caused by the shak-
ing of a camera. The second problem is PRblurspeckle, which simulates a spatially
invariant blur caused by atmospheric turbulence. The third problem is PRspherical
that models spherical means tomography. The true images and noisy observed data
are shown in Figure 6, where all the images have 128 x 128 pixels, and € are uncorre-
lated nonwhite Gaussian noises with e = 1073, 5 x 1073, and 10~2, respectively. We
have m = n = 1282 for the first two problems, and m = 23168,n = 1282 for the third
problem.

For PRblurshake and PRblurspeckle, we construct IN using the Gaussian kernel
with [ =10 and [ =1, respectively. For PRspherical, we construct IN using the Matérn

kernel
o1—v 2ur Y 2ur
=5 (1) » (7).

where T'(+) is the gamma function, B, (-) is the modified Bessel function of the second
kind, and [ and v are two positive parameters of the covariance; we set [ = 100 and v =
1.5. For the three large-scale problems, it is almost impossible to get (topt, Z(topt))
and (upp,x(upp)) by solving (1.3). The standard Newton method and the methods
in [13, 14] cannot be applied because these methods have to deal with IN ~1. To test
the performance of PNT, here we only compare it with genHyb. Additionally, we also
implement PNT-md to demonstrate that it can save some computation compared to
PNT.
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b 100 ‘
i |
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Fic. 6. True solution and noisy observed data for deblurring and tomography problems. From
the leftmost column to the rightmost column are PRblurshake, PRblurspeckle, and PRspherical.

1 102
——PNT
N ——PNT-md 10
7% —+—genHyb
5 10
= <
g Z0
i )
< =
| 1072
& ——PNT
= o1
0 | —v—PNT-md 100
.| —*—genHyb
102 10°
0 s 100 15 20 250 300 350 o 5 10 150 200 250 %00 350 0 s 100 15 20 250 300 35
Iteration Iteration Iteration
104 102
——PNT ——PNT
——PNT-md 10 —*—PNT-md
—+—genHyb
£ o
= — 1o
= . =<
H = &
5 = 108
|
5
= 100
—v—PNT-md
—*—genHyb
~ + 102 10°
0 20 40 60 8 100 120 140 160 180 200 0 20 40 60 8 100 120 140 160 180 200 0 20 4 60 80 10 120 140 160 180 200
Iteration Iteration Iteration
10° 102
——PNT

—v—PNT-md

107 100
—+—genHyb

4—0—0—0—"" —o—o—9—o o o o]
10 [/‘ = 100
=
S 5
10° ‘\/ = 00
/
R e e e |
| ——PNT
10 102
| —v—PNT-md
]
—*—genHyb
10° 1070 10%
o 50 100 150 0 50 100 150 o 50 100 150
Iteration Iteration Iteration

F1c. 7. Relative errors of iterative solutions, convergence of A\, and convergence of merit func-
tions. Top: PRblurshake. Middle: PRblurspeckle. Bottom: PRspherical.
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F1c. 8. Reconstructed solutions at the final iterations by PNT and genHyb. From the leftmost
column to the rightmost column are PRblurshake, PRblurshake, and PRspherical.
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F1c. 9. Variation of the condition number of J¥) (Yr—1, k—1) during the iteration of PNT.
Left: PRblurshake. Middle: PRblurspeckle. Right: PRspherical.

The relative error curves of the three methods, the convergence curves of \; and
h(xk, A\r) are plotted in Figure 7. For PNT-md, we set ko = 150, 80,50 for the three
problems, respectively. It can be observed that PNT for the last two problems con-
verges very fast: the variations of relative error and \; become quickly stabilized after
50 to 150 iterations, although for the second problem h(xy,A;) are still decreasing
significantly after 200 iterations. The genHyb method for PRblurshake and PRspher-
ical converges slower, and it obtains two solutions with larger relative errors than
that of PNT. This is because genHyb underestimates A more than PNT. For all three
problems, PNT-md converges very quickly from kg, achieving solutions with the same
accuracy as PNT while requiring nearly the same total number of iterations. The re-
constructed images are shown in Figure 8, which reveals the effectiveness of PNT and
genHyb. The variation of the condition number of J*) (g, _,, A\r_1) is shown in Figure
9. The condition number does not grow very large during the iteration, allowing the
small-scale linear system (3.12a) to be solved directly without issues.

To further test the robustness of PNT and genHyb as the noise level gradually
increases, we set the noise level of PRblurspeckle to be e =5 x 1072, 10~%, 5 x 1071,
Figure 10 shows the corresponding relative error curves and the curves of h(xg, Ag).
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F1G. 10. Relative errors of iterative solutions by PNT and genHyb, and the decrease of h(xy, \k).
The test problem is PRblurspeckle. From the leftmost column to the rightmost column, the noise levels
aree=5x10"2, 10~1, 5 x 10~1.

We can find that, when the noise is not very big, both PNT and genHyb converge
stably with almost the same accuracy. However, when the noise gradually increases,
the situations are very different. First, we find that as the noise increases, PNT still
converges stably, and faster. Second, h(xg,Ax) can always decrease to an extremely
small value, which is promised by Theorem 4.1. The iterate of PNT stops when
the step-length ~; becomes too small (less than 10716), which happens more early if
the noise is bigger. In comparison, the convergence of genHyb becomes unstable as
the noise increases. For € = 107!, it can be observed that the relative error for genHyb
increases slightly after a certain iteration, while for e = 5x 107!, the increase of relative
error appears earlier and more clearly. This is a typical potential weakness of hybrid
regularization methods, a challenge that the PNT method successfully addresses.

6. Conclusion. For large-scale Bayesian linear inverse problems, we have pro-
posed the projected Newton (PNT) method as a novel iterative approach for
simultaneously updating both the regularization parameter and solution without any
computationally expensive matrix inversions or decompositions. By reformulating the
Tikhonov regularization as a corresponding constrained minimization problem and
leveraging its Lagrangian function, the regularized solution and the corresponding
Lagrangian multiplier can be obtained from the unconstrained Lagrangian function
using a Newton-type method. To reduce the computational overhead of the New-
ton method, the generalized Golub—Kahan bidiagonalization is applied to project the
original large-scale problem to become small-scale ones, where the projected Newton
direction is obtained by solving the small-scale linear system at each iteration. We
have proved that the projected Newton direction is a descent direction of a merit func-
tion, and the points generated by PNT eventually converge to the unique minimizer
of this merit function, which is just the regularized solution and the corresponding
Lagrangian multiplier.

Experimental tests on both small-scale and large-scale Bayesian inverse problems
have demonstrated the excellent convergence property, robustness, and efficiency of
PNT. The most demanding computational tasks in PNT are primarily matrix-vector
products, making it particularly well-suited for large-scale problems.
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An important remaining question is the convergence rate of PNT, i.e., how fast
the three quantities ||xr — pp|l2, | Ak — App|, and h(xk, A\x) converge to zero? The
convergence rate may depend on several factors, including the ill-posedness of (1.1),
the smoothness of the true solution, the noise level, and the properties of {A, M, N}.
We will conduct theoretical investigations into this issue in future work.
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